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Waves
1. Mechanical waves

- e.g. water waves, sound waves, seismic
waves, strings in musical instruments

2. Electromagnetic waves
- light (ultraviolet, visible, infrared),
mcrowaves, radio waves, television waves,
X-rays

3. Matter (=quantum) waves
- electrons, protons, other fundamental
particles, atoms and molecules

4. Gravity waves < never observed!
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Electromagnetic Spectrum
+* EM waves are transverse.
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Wave motion

(1) Transverse wave

v

A

;_‘ ‘\\-—-- Typical string element
Y up-down motion

- Sending a transverse wave along a string.

- Each element of the string vibrates at right

angles to the propagation direction of the % Wavefronts - represented by ripples

wave. %+ Rays = direction of wave motion,

perpendicular (1) to the wavefronts

(2) Longitudinal wave

VI~ |:
¢ \—Typical spring element »

-

[ ] ]

Bl

1 L~
side-to-side motion (@)

- Sending a longitudinal wave along a spring. Plane wave Spherical wave
- Each element of the spring vibrates parallel * Wavefronts > represented by

to the propagation direction of the wave. planes, spaced one wavelength apart.
«» Rays = direction of wave motion, L

to the wavefronts, not observable!
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Extra information

Waves with both
longitudinal and transverse motions

+* Water waves

- In a water wave, all particles
travel in clockwise circles .
(see the yellow dots)

o .
+» Rayleigh surface waves g R
- a type of waves during
earthquake, moving in elliptical
paths

- particles at the surface trace
out a counter-clockwise ellipse;
while particles at a depth could
trace out clockwise ellipses
(see the yellow dots)

ot oo Rayleigh surface waves
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Transverse waves

+* Transverse waves

- the displacement of a point on the string is perpendicular (1)
to the direction of the travelling wave

- up-down motion

(a)
- A single pulse is sent along a stretched string.
- A typical string element (see the dot) moves
up and then down once as the pulse passes.
- element’s motion L wave’s direction

ideal wave form
1/ (true for EM and
matter waves,

approximate for
mechahical waves)

Sinusoidal
wave

- A “sine” wave is sent along the string.

- A typical string element moves up and then
down continuously as the wave passes.

- element’s motion L wave’s direction

\ ‘ transverse wave ‘ /
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Longitudinal waves

+¢ Longitudinal waves

- the displacement of a particle is parallel ( // ) to the direction of
travel of the wave

- side-to-side motion of the particle

—

’ — A"N - A sound wave is set up in an air-filled

: pipe by moving a piston back and forth.
e, - The oscillation of an element of the air
is back and forth as well.
- element’s motion // wave’s direction

|

’ longitudinal wave ‘
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Equation of wave propagation

Suppose that at time ¢ = 0, a travelling wave has the form
y(x,0) =y, sinkx
, where y, is the amplitude and £ is the wavenumber.

At time ¢, the travelling wave will have the same form,
except that it is displaced along the positive x direction by
a displacement vt, where v is the wave speed.

Hence the displacement at position x and time ¢ is given by

@ y(xt)=y, sin[k(x—vt)]

.. . for sinusoidal waves
This is usually written as /

(e

% y(x,t)=y,sin(kx—at) ,where o=kv or v=2 .

— k FIG. 16-5 Five “snapshots” of a
phase string wave traveling in the positive
direction of an x axis. The amplitude
Ymis indicated. A typical wavelength
A, measured from an arbitrary posi-
tion xy, is also indicated.

Wave equation 2 a function of position and time which gives
the height of the wave at any position x and any time t
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Wavenumber &
Suppose that at = 0, a travelling wave has the form
y(x,0)=y, sinkx

Since the waveform repeats itself when displaced by one

wavelength (1),
y, sinkx=y,_ sin[k(x + i)] =y, sin(kx + kA1)

E Similar to
Thus, kA = 27z, which gives the wavenumber | angularfrequency

related to wavelength

2
k=22 (i.e. distance for one wave cycle) ~--------------R-\------
/1 /

related to period
(i.e. time for one

k is also called angular wavenumber.
wave cycle)
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Angular frequency

At x = 0, the wave function becomes

»(0,t)=-y, sinot

Since the waveform repeats itself when delayed by one
period (7),

—~y,sinot = -y, sin[ o(t+T)]=-y,sin(ar + o)

Thus, oT = 27z, which gives the angular frequency

2 .
w=—- Unit: rad/s
T
1 o .
, and the frequency f =—=— . Unit: I/s=Hertz=Hz
T 2rx
FoWw Vi M W m g [@‘Depmmem of Physics
The Hong Kong Academy for Gifted Education Hong Kong Baptist University

10

Wave speed v

Since k=27/A and w=2x/T , the wave speed is

— The wave travels by a distance of
one wavelength in one period.

Since y(x, t) =y, sin(kx — wt), the peak
of the travelling wave is described by

fox—aot ="
2

Z Wave at t= At
Wave at (=0

In general, any point on the waveform, FIG.16:8 Two snapshots of the
wave of Fig. 16-5, at time f = 0 and

as the wave moves in space and time, 1S thenattime — Ar. As the wave
described by moves to the right at velocity V', the

entire curve shifts a distance Ax dur-
kx— ot =constant

ing At. Point A “rides” with the wave
form, but the string elements move
only up and down.

oW Y OB OB OF B g @Depar(memof?hysmg

The Hong Kong Academy for Gifted Education Hong Kong Baptist University 11

Wave equation

A wave travelling towards positive x direction is described by
y(x,t) =y, sin [k(x - vt):| = y,, sin(kx — or)

A point on the waveform, as the wave moves in space and time,
is described by kx — @t = constant.

A wave travelling towards negative x direction is described by

y(x,t)=y, sin [k(x + Vt):| =y, sin(kx + or)

A point on the waveform, as the wave moves in space and time,
is described by kx + @ = constant.
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Example 1

A transverse wave travelling along a string is described by
y(x,0) = 0.00327 sin (72.1x - 2.72¢)

, in which the numerical constants are in SI units.

(a) What is the amplitude of this wave?

(b) What are the wavelength, period, and frequency of this wave?

(c) What is the velocity of this wave?

(d) What is the displacement y at x =22.5 cm and = 18.9 s?

(e) What is the transverse velocity u of this element of the string
at the place time in (d)?

(f) What is the transverse acceleration a,, at the position and time
in (d)?
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assume sinusoidal waves

Answers of Example 1 »(x.1)=0.00327sin(72.1x~2.721)
Vm k w
(a) y,=0.00327 m=327 mm
(b) /1:2—”:2—”:0.0871:8.71cm, T:z—”:z—”:zsls, f:i:L:0.433Hz
ki 721 o 272 T 231
© v=2-272_00377=377 cms"
k 721

d y(x0 :0.00327sin(72. 1x0.225-2.72x1 8.9) =0.00192=1.92 mm

(e)iu= %} =-wy, cos(kx - wr)
=—(2.72)(0.00327) cos(72.1x0.225-2.72 x18.9)
=7.20 mms™'

® a,= % =-a'y,sin(kx—ot)=-o’y

=—(2.72)"(0.00192) = ~0.0142 = ~14.2 mms
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Section Summary

+» Transverse waves
- displacement of a point L wave propagation direction

+» Longitudinal waves
- displacement of a point // wave propagation direction

¢ Equation of wave propagation (towards +ve x direction)
y(x,t) =y, sin[k(x—vt)] or y(x,t) =y, sin(kx — ort)
+¢ Equation of wave propagation (towards -ve x direction)
y(x,0) =y, sin(kx + or)

«»Wavenumber, angular frequency, frequency, wave speed
b

b2 .
) T

1 o [2)
=== v=2=-72
4 T 2« k S
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Wave speed on a Stretched String

Consider the peak of a wave travelling from left to right on the
stretched string.

If we observe the wave from a reference frame moving at the
wave speed v, the peak becomes stationary, but the string moves
from right to left with speed v. Find the speed v.

Al FIG. 16-10 A symmetrical pulse,
m viewed from a reference frame in
) 6 which the pulse is stationary and the
/ string appears to move right to left
G ( R é with speed v. We find speed v by
L / applying Newton’s second law to a
\< string element of length A/, located at
S~ the top of the pulse.
AN T S Emu_uepanmem of Physics
ng Kong Academy for Gifted Education Hong Kong Baptist University 16




Wave speed on a Stretched String

Consider a small segment of length A/ at the peak. —| Al
Let 7 be the tension in the string. 5 G

Vertical component of the force on the element: = )
both sides small 0 v R0

/ 4
F=erin6zr(29):TAJ , where R is the
radius of curvature.

Mass of the segment:  Am= uAl
\ 1 =Am /Al = mass per unit length = linear density
Centripetal acceleration a=V
in moving reference frame: R

2
. Al %
Using Newton’s second law, F=Amxa, == ( LA )— “stretching = lengthening”
R / - causes an elastic restoring force
his red ‘
This reduces to | v=_[— Note that zrepresents the elastic property of the
H stretched string, and x represents its inertial property.
o oV o B OH S G U Department of Physics
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Example 2

Two strings (String 1 and String 2) have been tied together with a
knot and then stretched between two rigid supports.
The strings have linear densities 1, = 1.4 x 10~ kgm™" and , =
2.8 x 194 kgm~!. Their lengths are L, =3 m and L, = 2 m, and
String 1 is under a tension of 400 N. Simultaneously, on each
string a pulse is sent from the rigid support end, towards the knot.
Which pulse reaches the knot first?

FIG. 16-11 Two

strings, of lengths L, 7

and L,, tied together g ] L
with a knot and -
stretched between \

two rigid supports. L

Analysis = start from simpler case (single string, constant density, same tension);
speeds, meeting point?

Different strings > effect due to diff. densities or diff. tensions or diff. lengths?

Are tensions different?

Approach = calculate wave speeds on both strings, then calculate arrival times at knot.

o oV o B OH S G UDepartmentofPhyslcs
The Hong Kong Academy for Gifted Education N N

Hong Kong Baptist University 18

Answer of Example 2

FIG. 16-11 Two

strings, of lengths L, i

and L,, tied together b L
with a knot and -
stretched between \

two rigid supports. Knot

4
L— \/;’ 14“0 =1.77x10°

4
/”2 128“0 =1.67x107s

Thus, the pulse on string 2 reaches the knot first.

ﬁ
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Energy and Power of a Travelling String Waves

Kinetic energy 2
i
Consider a string element of mass dm. wll g
1 — _ /
Kinetic energy: dK = 5 dmu® s I@}/
0 x
Since y(x, £) =y, sin(kx — wt), \
oy D
u=5=—a)ym cos (kx — wt) oo B o
M = mass per FIG. 16-12 A snapshot of a travel-

Since dm = udx, ing wave on a string at time 1 = 0.
String element a is at displacement

Y = Ym,and string element b is at dis-

placement y = 0.The kinetic energy

unit length

dK = %( pidx) (-, )’ cos’ (kx — wr)

‘/ POWEr  of the string el at each position
Rate of kinetic energy transmission: dependsionithe transverse velocity of
the The potential energy de-
dK 1 dx pends on the amount by which the
,ua) ym coSs (kx wt ) string element is stretched as the
. 2 dr wave passes through it.
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Energy and Power of a Travelling String Waves

b

Using v = dx/dt,

A
, @

Kk 1 5 5 a0 T — \

=@ Y cos (kx—ar) ﬁ/r \

\ /| \

Kinetic energy is maximum at the y = 0 \J/’ | .

position. o I e

FIG. 16-12 A snapshot of a travel-
ing wave on a string at time ¢ = 0.
String element a is at displacement

¥ = Ym,and string element b is at dis-
placement y = 0.The kinetic energy
of the string element at each position
depends on the transverse velocity of
the element. The potential energy de-
pends on the amount by which the
string element is stretched as the
wave passes through it.
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Energy and Power of a Travelling String Waves

Potential energy

Potential energy is carried in the string when it is stretched.
Stretching is largest when the displacement has the largest gradient.
Hence, the potential energy is also maximum at the y = 0 position
This is different from the harmonic oscillator, in which the energy is

conserved. y
A
. @
Consider the extension As of a string element. T —— \
0 \
o | |
2 2 : f *
As =\/(dx) +[y(x+dx,t)—y(x,t)] —dx \
dy x| [dx
2 2
2 (0 0
~ ,[(dx) +(—ydx) —dx = 1+(—yj —1 |dx
Ox Ox
slope
s B s s [ ety 2

Energy and Power of a Travelling String Waves

Using power series expansion,  ( V(1 +2?) ~ 1 + ;a2 for small a? )

2 2
As = l+1(6y -1 dx=1(ay dx
2\ ox 2\ ox
The potential energy of the string element is given by the work done in

extending the string element, use work dIW = force 7 x distance As

2
dU =dW =tAs zz(a—yj dx == k) cos® (kx — wt) dx
2\ 0ox 2

Rate of potential energy transmission:

power
au 7., , , dx
——=—k"y, cos (kx—a)t)—
2 dz
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Energy and Power of a Travelling String Waves

Since v = dx/dt and k* = &’V = &Pl

%,uva)zyi cos’ (kx — ot )

Mechanical energy (power): (Z—E = C;—K + C;—U = wa’y; cos’ (kx — wr)
t t t

dt

, where (...) represents averaging over time.

E
Average power of transmission: <P> = <d—> = wa’y. <COS2 (kx - wt)>

1
Since (cos?(kx — wt)) = 1/2, average power: <P> = 5 yva)z yi

The Hong Kong Academy for Gifted Education Hong Kong Baptist University 24
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Energy and Power of a Travelling String Waves

This result can be interpreted in the following way.
Consider the front of a propagating wave along a string.

In a time dt, a string element of length dx = vdt is set into a
simple harmonic motion. Its velocity amplitude is wy,,.
dm = pdx

/

1 2
Energy of the string element: dE = Edm (a)ym) from E = % mvy 2

dE_1 dx 1,
Average power: <P> ( ym ) =— o ym
dt 2 dt 2
as before
o oV o B OH S G @Departmentowhysms
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Example 3

A string has a linear density g of 525 g/m and is stretched with
a tension 7 of 45 N. A wave whose frequency f'and amplitude
»,, are 120 Hz and 8.5 mm, respectively, is travelling along the
string. At what average rate is the wave transporting energy
along the string?  simply applying the equations.

o =2nf =(27)(120) = 754.0 rads ™'

. 45 =9.258ms™
0.525

(P)= E o'y’ = ( )(0 525)(9.258)(754.0)*(0.0085)* =99.8 W

o oV o B OH S G U Department of Physics
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Section Summary

% Wave speed of a stretched string:  v= \/?
U

¢ 1 = elastic property, tension
% u = inertial property, linear density (i.e. mass per unit length)

+ Kinetic energy is maximum at the y = 0 position.

+ Potential energy is also maximum at the y = 0 position.

“ Average power: < P> = % W' y:

oW Y OB OB OF B g U Department of Physics
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Principle of Superposition of Waves

+* Overlapping waves algebraically M

add to produce a resultant wave. -

Note: not derivative, M
/ only sum of waves -
, _ 2o
y'(x,t)=y,(x,t)+ y,(x,1) A
% Overlapping waves do not in any _/\/\_

way alter each other. >

¢ True for small amplitudes, but

FIG. 16-14 A serics of snapshots

tall waves Change eaCh OtheI'. that show two pulses traveling in op-
. posite directions along a stretched
e.g. CI‘aShll’lg water waves ! string. The superposition principle

applies as the pulses move through
each other.
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Interference of Waves

Suppose we send two sinusoidal waves of the same wavelength
and amplitude in the same direction along a stretched string.

y,(x,0) =y, sin(kx — wt) ey

Y, (x,t)=y, sin(kx—a)t

@ is called the phase difference or phase shift between the two
waves.

Combined displacement:

Yt =y, sin(kx—wt@ym sin (kx— ot + ¢)

ORI < S - UDepartmentothyswcs
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Interference of Waves

Using the trigonometric identity,

sina +sin B =251n(ﬂjcos(a_ﬁj
2 2

we obtain

y'(x,t) = {Zym cos%} sin (kx — ot + g)

amplitude A phase shift
as before

The resultant wave... Y
(1) is also a travelling wave in the same direction
(2) has a phase constant of ¢/2

(3) has an amplitude of y’, = 2y, cos(¢/2)

Hong Kong Baptist University
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Interference of Waves

FiG. 16-16 Two identical sinusoidal ¥
waves, y,(x, 1) and y,(x, {), travel
along a string in the positive direc-
tion of an x axis. They interfere to
give a resultant wave y’(x, ). The re-
sultant wave is what is actually seen
on the string. The phase difference ¢
between the two interfering waves is
(a) 0 rad or 0°, (b) wrad or 180°,and
(c) §1r rad or 120°. The corresponding
resultant waves are shown in (d), (¢),

and (f).

I —
NED _yo(x 0 s Yolx 0

¢=n rad ¢=2r rad
() (c)

3 o

. x /\Qv’(x. ) /\ |
N

(© o

If $=0, y'(x,1) =@ym sin (kx — a)éze e

double
height

Fully constructive interference
(maximum amplitude)

Fully destructive interference ~ If =7z ¥ (x,£)=0
(zero amplitude) See fig. (e)

If ¢ is between 0 and 7 or between 7 and 27,
the amplitude is intermediate. See fig. (f)
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Intermediate interference
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Interference of Waves

TABLE 16-1

Phase Difference and Resulting Interference Types*

Phase Difference, in Amplitude
of Resultant Type of
Degrees Radians Wavelengths Wave Interference
0 0 0 2Ym Fully constructive
120 %77 0.33 Visi Intermediate
180 T 0.50 0 Fully destructive
240 i 0.67 Ym Intermediate
360 2@ 1.00 A Fully constructive
865 151 2.40 0.60y,, Intermediate

*The phase difference is between two otherwise identical waves, with amplitude y,,, moving in the
same direction.

oW Y OB OB OF B g UDepartmemofPhysucs
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Example 4

Two identical sinusoidal waves, moving in the same direction
along a stretched string, interfere with each other.

The amplitude y,, of each wave is 9.8 mm, and the phase
difference ¢ between them is 100’

(a) What is the amplitude y’,, of the resultant wave due to the
interference, and what is the type of this interference?

(b) What phase difference, in radians and wavelengths, will give
the resultant wave an amplitude of 4.9 mm?

o oV o B OH S G U Department of Physics
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Answers to Example 4

(2)(9.8 mm) Cos[l()zo" j‘ =13 mm

(a) ' ‘ZJ’W COS*‘
b y,- ‘2% cosg‘

_ $
4.9=(2)(9.8) cosE two possible solutions

p= 2cos"((2;‘(§ 8)] =@2.636 rad ~ £2.6 rad

@ =+2.6 rad: The second wave leads (travels ahead of) the first wave.
¢=-2.6 rad: The second wave lags (travels behind) the first wave.

. ., 2.636
In wavelengths, the phase difference is + =10.42 wavelength
V4
WO v B B w w3 [@‘Depmmem of Physics
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Sta nd i ng Wa ves Two opposite trayellng wavz_es add to.
each other, forming a standing wave:

N N N S
N N

s W v sum 1 2 hysics
The Hong Kon st University
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Standing Waves

¢ Superposition of two waves of equal wavelength and equal amplitude,
travelling in opposite directions

Wavez(b) , yaN4 b@g aay

antmodes

2

wave sum

3

=il) nodes t=3r f= L

ZT t=T

FIG. 16-19 (a) Five snapshots of a wave traveling (o the left, at the times ¢ indicated below part (¢) (Tis the period of oscillation).
(b) Five snapshots of a wave identical to thatin (a) but travelmg to the right, at the same times ¢. (¢) Corresponding snapshots for the

superposition of the two waves on the same string, Al/ = 0 T,and T, fully constructive interference occurs because of the alignment
of peaks with peaks and valleys with valleys. At = {Tand 3 T fully destructive interference occurs because of the alignment of peaks
with valleys. Some points (the nodes, marked with dots) never oscillate; some points (the antinodes) oscillate the most.
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Standing Waves

Consider two sinusoidal waves of the same wavelength and amplitude travelling
in the opposite direction along a stretched string.

3(5,0) =/5, ¥in(ke C\or)
V,(x,1) sin( t)

Combined displacement:

y'(x,t) =y, sin(kx —wt)+ y, sin(kx + ot)

Using the trigonometric identity,

C¥+ﬂ COS a;ﬁ

sina +sin f = 2sin

we obtain
x and ¢ are now decoupled!

Y'(x,1)=[2y, sinkx]cos wt - standing wave

o oV o B OH S G uDepanmentofPhyswcs
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Standing Waves

Properties:
(1) The resultant wave is not a travelling wave, but is a standing wave.
e.g. the locations of the maxima and minima do not change.

(2) There are positions where the string is permanently at rest.
They are called nodes, and are located at
sin(kx) =0 > kx=nz for n=0,1,2,-

oz A for n=0,1,2,-.-  Thenodes are separated

k by half wavelength.
(3) There are positions where the string has the maximum amplitude.
They are called antinodes, and are located at

sin(kx) =+1 > kx=%7z,%7r,%7r,~-~:[n+%)ﬂ for n=0,1,2--

1\4
x—(n+5]5 for n=0,12,---
The antinodes are separated by half wavelength.

o oV o B OH S G uDepartmen\ofPhysics
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Standing Waves

:Eig

start here:

Energy in standing waves:
- does not travel
- exchanges between kinetic energy K

. mm 1\@< mm
and potential energy U ) VK e ) vK

FIGURE 18-18. A standing wave on a stretched string, showing
one cycle of oscillation. At (a) the string is momentarily at rest with
the antinodes at their maximum displacement. The energy of the
string is all elastic potential energy. (b) One-eighth of a cycle later,
the displacement is reduced and the energy is partly potential and
partly kinetic. The vectors show the instantaneous velocities of par-
ticles of the string at certain locations. (c) The displacement is zero;
there is no potential energy, and the kinetic energy is maximum. The
particles of the string have their maximum velocities. (d—/) The mo-
tion continues through the remainder of the cycle, with the energy
being continually exchanged between potential and kinetic forms.
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REﬂeCtlonS transverse pulse

at a Boundary &

Fixed end: M
(1)The fixed end becomes a node. .
(2)The reflected wave vibrates in the &

opposite transverse direction.

(77

FlreTehen;l: " o 4 wall pulls string pulls
(1)The free end becomes an antinode. i |string down [\ string down

(2)The reflected wave vibrates in the
same transverse direction. =

~L At the free end:
At the fixed end: \ / .

5

. 0B Displacement
1splacement = B 7\ gradient = 0
4\ —

See animation @ it @

“ 1 3 S 1 J1cs”’ FIGURE 18-19. (a) A transverse pulse incident from the right is
Reflection of Waves in Physics p !
htip=/ v youtibe.com/waich?v=0mZk 2V SrIVT reflected by a rigid wall. Note that the phase of the reflected pulse is

. ’ B inverted, or changed by 180°. (b) Here the end of the string is free

to move, the string being attached to a loop that can slide freely

ol v o o How M i along The phase of the reflected pulse is unchanged. Physics
The Hong Kong Academy for Gifted Education along ieirod.{The phase o pulsels uichangec ist University 40
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Section Summary
Two sinusoidal waves of the same wavelength and amplitude along a stretched string:

¢ ¢

« Travelling in the same direction y'(x,t) =| 2y, cos— |sin| kx — ot + =
- still travelling wave 2

Fully constructive interference: ¢ =0 = maximum amplitude

Fully destructive interference: ¢= 7 > zero amplitude

+¢ Travelling in the opposite direction
-> standing wave, energy does not travel,
K.E. € PE. exchanges

¥'(x,t) =[2y, sin kx]cos wt

A
nodes: always at rest > X=%=n5 for n=0,1,2,--

antinodes: max. amplitude>  x= (n + %j% for n=0,1,2,--

*Fixed end - node - out-of-phase reflection *Free end > antinode - in-phase
o oV o B OH S G u Department of Physics
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Standing Waves and Resonance

oscillator oscillator ‘

Circular
shape:
somewhat
complicated,
special math

functions
3 loops:
Rectangular
shape:
. : simpler: like
FIG. 16-24 One of many possible .
S iy two linear
standing wave patterns for a kettle-
drum head, made visible by dark patterns
4 loops: powder sprinkled on the drumhead. superposed

As the head is set into oscillation at
asingle frequency by a mechanical
oscillator at the upper left of the
photograph, the powder collects at
the nodes, which are circles and

1,56,7,..

HIG. 16-22  Stroboscopic photographs

|OOpS also ieveal (imperfect) standing wave

possible fgatterns on a string being made to straight lines in this two-dimen-
cillate by an oscillator at the left g sional example. (Courtesy Thomas
end. The patterns occur at certain D. Rossing, Northern Illinois
. frequencies of oscillation. (Richard University)
% w3 Megna/Fundamental Photographs) . of Physics
The Hong Kor Lf'L-_l’Hong Kong Baptist University 42

Standing Waves and Resonance

Consider a string with length L stretched between o L .

two fixed ends. ) g(” l -
(@)= - - [

Boundary condition: nodes at each of the fixed

ends.

When the string is driven by an external force, at a g( I >/\1/\E

. ; . . CL M

certain frequency the standing wave will fit this

boundary condition.

Then this oscillation mode will be excited. g\/”j\\/"f\\/ T\%

The frequency at which the oscillation mode is o o

excited is called the resonant frequency.

late m standing wave patterns. (¢
The simplest possible pattern con-
siste of ane loap, which referc ta the.

See animation “Standing Waves Demo”
https://www.youtube.com/watch?v=-gr7KmTOrx0

(lile s0ld and dashed iines). () it
next simplest pattern has two loops.

O VB W W M W () The next has,
The Hong Kong Academy for Gifted Education
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Standing Waves and Resonance

4

See Youtube “Resonance Phenomena in 2D on a Plane” and “Millenium Bridge Opening”.

https://www.youtube.com/watch?v=0Qf0t4qIVWF4 https://www.youtube.com/watch?v=gQK215720SC

ﬂ

Case (a): 2 nodes at the ends, 1 antinode in the middle

A =
L=, A=2L.
2
v v
Resonant frequency: f=—=—. —
A 2L %/"f\ e ’,f “JE
s 7
Case (b): 3 nodes and 2 antinodes e I il
T
L=
_v_v NGITOTE
u : =—=— R PR NE S N S
Resonant frequency: f= 1T o B
= 22
L=32
o 2
Case (c): 4 nodes and 3 antinodes FiG.16-23 A string, stretched be-
tween two clamps, is made to oscil-
31 2L laie in sianding wave paiierns. (@)
L=", A== The simplest possible pattern con-
2 3 3 sisis of one ioop. which refers io the
. _vV_o composite shape formed by the
Resonant fl‘equency- f - E - i siring in 1is exireme dis|

oW OV OB % W M g
The Hong Kong Academy for Gifted Education




Standing Waves and Resonance

In general,

_nl 2L

L —
2 n

forn=1,2,3, ...

Resonant frequency:

_V_ Vv
f—;—”ﬁ’ forn=1,2,3, ...

n=1 fundamental mode, or first harmonic
n=2 second harmonic

n=23 third harmonic

etc.

The Hong Kong Academy for Gifted Education Hong Kong Baptist University 45
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Example 5

A string of mass m =2.5 g and length L = 0.8 m is under tension
=325 N.

(a) What is the wavelength A of the transverse waves producing
the standing-wave pattern in Fig. 16-25, and what is the
harmonic number n?

(b) What is the frequency f of the transverse waves and of the
oscillations of the moving string elements?

(c) What is the maximum magnitude of the transverse velocity
um of the element oscillating at coordinate x = 0.18 m?

(d) At what point during the element’s oscillation is the
transverse velocity maximum?

" 0.800

oo tment of Physics

Vs Y — : ;
The Hong kong academy FIG, 16-25  Resonant oscillation of a string under tension. <ong Baptist University
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Answers to Example 5

L 08
(a) 1252720.41'11

Since there are four loops, n = 4.

(b) v= 1:1 3’275:322.5 ms”
u 0.0025/0.8

=2 23225 8062~ 806 Hz
A 04

FIG. 16-25 Resonant oscillation of a string under tension.
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Answers to Example 5 (continued)

we need the waveform for general location x, not a special location like node or antinode
(c) V'(x,t)=[2y, sinkx]cos ot where y,, = 0.002 m.

u(x,t) = % = %(Zym sin kxcos or)

y
TE e D i Y 1
8.001\\1!\1. \_—’",\/\_/ 2 x (m)
0

0.800

=—-2awp, sinkxsin wt
FIG. 16-25 Resonant oscillation of a string under tension.
Magnitude: ¥, = I-2ay,, sin kx|
2r 2«

Here, =21f =(27)(806.2) k="T=-"
o =27 =Q2r)( ) 1 04

Atx=0.18m,  u, = —2(27:)(806.2)(0.002)sin[é—i(o.18)}‘ =6.26ms”

(d) The transverse velocity is maximum when y = 0.

The Hong Kong Academy for Gifted Education Hong Kong Baptist University
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Example 6

In the arrangement of Fig. 18-23, a motor sets the string into
motion at a frequency of 120 Hz. The string has a length of L =
1.2 m, and its linear mass density is 1.6 g/m. To what value
must the tension be adjusted (by increasing the hanging weight)
to obtain the pattern of motion having four loops?

FIGURE 18-23. A string under tension
is connected to a vibrator. For a fixed vibrator frequency, standing
wave patterns will occur for certain discrete values of the tension
in the string.
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Answers to Example 6

v = /5 > F= 2 ... equation (1)

Y7

14 |4 . 1
fo=—=ngp (1=123.) Sv=2ifym ... equation ()

To find the tension, we can substitute Eq. (1) into Eq. (2)
and obtain -
AL f " u
F="20 2
n

The tension corresponding to n = 4 (for 4 loops) is found to be

2 2
I 4(1.2m) (120 izz) (0.0016 kg/m) _ 83N
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Summary of equations

Travelling waves

y(x,t) =y, sinfk(x —vt)] or y(x,t) =y, sin(kx — wrt)
Wavenumber Angular frequency Frequency
k=22 =2z _1_o

A T T 2x
Wave velocity Travelling wave (opposite direction)
v:%:fﬂ y(x,t) =y, sin(kx + cr)

Stretched string

oW Y OB OB OF B g @Depar(memof?hysmg
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Summary of equations

1
Transmitted power <P> = Eyva)zyfn

Interference  y', =2y, cos 2

Standing wave  Y(x,t) =[2y, sinkx]cos wt

Reflection at fixed end = node, oscillation at opposite transverse direction
Reflection at free end = antinode, oscillation at same transverse direction

v

Vibrating string (fixed ends) f:z
A 2L
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