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436 CHAPTER 13 Gravitation

ears to keep them in their orbits.) (b) Is the center of gravity of her
head at the same point as the center of mass? Explain.
13.89 ... CALC Mass M is dis-
tributed uniformly over a disk
of radius a. Find the gravita-
tional force (magnitude and
direction) between this disk-
shaped mass and a particle with
mass m located a distance x
above the center of the disk
(Fig. P13.89). Does your result
reduce to the correct expression
as x becomes very large? (Hint:
Divide the disk into infinitesi-
mally thin concentric rings, use

the expression derived in Exercise 13.33 for the gravitational force
due to each ring, and integrate to find the total force.)
13.90 ... CALC Mass M is dis-
tributed uniformly along a line
of length 2L. A particle with
mass m is at a point that is a dis-
tance a above the center of the
line on its perpendicular bisec-
tor (point P in Fig. P13.90). For
the gravitational force that the
line exerts on the particle, cal-
culate the components perpendicular and parallel to the line. Does
your result reduce to the correct expression as a becomes very
large?
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Chapter Opening Question ?
The smaller the orbital radius r of a satellite, the faster its orbital
speed [see Eq. (13.10)]. Hence a particle near the inner edge of
Saturn’s rings has a faster speed than a particle near the outer edge
of the rings.

Test Your Understanding Questions
13.1 Answer: (v) From Eq. (13.1), the gravitational force of the
sun mass on a planet mass a distance r away has mag-
nitude Compared to the earth, Saturn has a
value of that is times greater and a value of that
is also 100 times greater. Hence the force that the sun exerts on
Saturn has the same magnitude as the force that the sun exerts on
earth. The acceleration of a planet equals the net force divided by
the planet’s mass: Since Saturn has 100 times more mass than the
earth, its acceleration is as great as that of the earth.
13.2 Answer: (iii), (i), (ii), (iv) From Eq. (13.4), the acceleration
due to gravity at the surface of a planet of mass and radius 
is That is, is directly proportional to the planet’s
mass and inversely proportional to the square of its radius. It fol-
lows that compared to the value of g at the earth’s surface, the value
of on each planet is (i) as great; (ii) as great;
(iii) time as great—that is, the same as on earth; and 
(iv) as great.
13.3 Answer: yes This is possible because surface gravity and
escape speed depend in different ways on the planet’s mass 
and radius The value of g at the surface is while the
escape speed is For the planet Saturn, for example,

is about 100 times the earth’s mass and is about 10 times the
earth’s radius. The value of g is different than on earth by a factor
of (i.e., it is the same as on earth), while the
escape speed is greater by a factor of It may help
to remember that the surface gravity tells you about conditions
right next to the planet’s surface, while the escape speed (which
tells you how fast you must travel to escape to infinity) depends on
conditions at all points between the planet’s surface and infinity. 
13.4 Answer: (ii) Equation (13.10) shows that in a smaller-
radius orbit, the spacecraft has a faster speed. The negative work
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done by air resistance decreases the total mechanical energy
the kinetic energy K increases (becomes more posi-

tive), but the gravitational potential energy U decreases (becomes
more negative) by a greater amount.
13.5 Answer: (iii) Equation (13.17) shows that the orbital
period T is proportional to the power of the semi-major axis a.
Hence the orbital period of Comet X is longer than that of 
Comet Y by a factor of 
13.6 Answer: no Our analysis shows that there is zero gravita-
tional force inside a hollow spherical shell. Hence visitors to the
interior of a hollow planet would find themselves weightless, and
they could not stand or walk on the planet’s inner surface.
13.7 Answer: (iv) The discussion following Eq. (13.27) shows
that the difference between the acceleration due to gravity at the
equator and at the poles is Since this planet has the same
radius and hence the same circumference as the earth, the speed 
at its equator must be 10 times the speed of the earth’s equator.
Hence is times greater than for the earth, or

The acceleration due to gravity
at the poles is while at the equator it is dramatically
less, You can show that if
this planet were to rotate 17.0 times faster than the earth, the accel-
eration due to gravity at the equator would be zero and loose
objects would fly off the equator’s surface!
13.8 Answer: (iii) If the sun collapsed into a black hole (which,
according to our understanding of stars, it cannot do), the sun
would have the same mass but a much smaller radius. Because the
gravitational attraction of the sun on the earth does not depend on
the sun’s radius, the earth’s orbit would be unaffected.

Bridging Problem

Answers: (a) Perihelion:

aphelion:

(b) vP = 54.4 km>s, vA = 0.913 km>svA = BGmS
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tional force (magnitude and
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shaped mass and a particle with
mass m located a distance x
above the center of the disk
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done by air resistance decreases the total mechanical energy
the kinetic energy K increases (becomes more posi-

tive), but the gravitational potential energy U decreases (becomes
more negative) by a greater amount.
13.5 Answer: (iii) Equation (13.17) shows that the orbital
period T is proportional to the power of the semi-major axis a.
Hence the orbital period of Comet X is longer than that of 
Comet Y by a factor of 
13.6 Answer: no Our analysis shows that there is zero gravita-
tional force inside a hollow spherical shell. Hence visitors to the
interior of a hollow planet would find themselves weightless, and
they could not stand or walk on the planet’s inner surface.
13.7 Answer: (iv) The discussion following Eq. (13.27) shows
that the difference between the acceleration due to gravity at the
equator and at the poles is Since this planet has the same
radius and hence the same circumference as the earth, the speed 
at its equator must be 10 times the speed of the earth’s equator.
Hence is times greater than for the earth, or

The acceleration due to gravity
at the poles is while at the equator it is dramatically
less, You can show that if
this planet were to rotate 17.0 times faster than the earth, the accel-
eration due to gravity at the equator would be zero and loose
objects would fly off the equator’s surface!
13.8 Answer: (iii) If the sun collapsed into a black hole (which,
according to our understanding of stars, it cannot do), the sun
would have the same mass but a much smaller radius. Because the
gravitational attraction of the sun on the earth does not depend on
the sun’s radius, the earth’s orbit would be unaffected.
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13.70 ... If a satellite is in a sufficiently low orbit, it will encounter
air drag from the earth’s atmosphere. Since air drag does negative
work (the force of air drag is directed opposite the motion), the
mechanical energy will decrease. According to Eq. (13.13), if E
decreases (becomes more negative), the radius r of the orbit will
decrease. If air drag is relatively small, the satellite can be consid-
ered to be in a circular orbit of continually decreasing radius. 
(a) According to Eq. (13.10), if the radius of a satellite’s circular orbit
decreases, the satellite’s orbital speed increases. How can you rec-
oncile this with the statement that the mechanical energy decreases?
(Hint: Is air drag the only force that does work on the satellite as the
orbital radius decreases?) (b) Due to air drag, the radius of a satellite’s
circular orbit decreases from r to where the positive quantity

is much less than r. The mass of the satellite is m. Show that 
the increase in orbital speed is that the
change in kinetic energy is that the
change in gravitational potential energy is 

and that the amount of work done by the force of
air drag is Interpret these results in light of
your comments in part (a). (c) A satellite with mass 3000 kg is initially
in a circular orbit 300 km above the earth’s surface. Due to air drag,
the satellite’s altitude decreases to 250 km. Calculate the initial orbital
speed; the increase in orbital speed; the initial mechanical energy; the
change in kinetic energy; the change in gravitational potential energy;
the change in mechanical energy; and the work done by the force of
air drag. (d) Eventually a satellite will descend to a low enough alti-
tude in the atmosphere that the satellite burns up and the debris falls to
the earth. What becomes of the initial mechanical energy?
13.71 . Binary Star—Equal Masses. Two identical stars with
mass M orbit around their center of mass. Each orbit is circular and
has radius R, so that the two stars are always on opposite sides of
the circle. (a) Find the gravitational force of one star on the other. 
(b) Find the orbital speed of each star and the period of the orbit.
(c) How much energy would be required to separate the two stars
to infinity?
13.72 .. CP Binary Star—Different Masses. Two stars, with
masses and are in circular orbits around their center of
mass. The star with mass has an orbit of radius the star with
mass has an orbit of radius (a) Show that the ratio of the
orbital radii of the two stars equals the reciprocal of the ratio of
their masses—that is, (b) Explain why the two
stars have the same orbital period, and show that the period T
is given by (c) The two
stars in a certain binary star system move in circular orbits. The
first star, Alpha, has an orbital speed of The second star,
Beta, has an orbital speed of The orbital period is 137 d.
What are the masses of each of the two stars? (d) One of the best
candidates for a black hole is found in the binary system called
A0620-0090. The two objects in the binary system are an orange
star, V616 Monocerotis, and a compact object believed to be a black
hole (see Fig. 13.27). The orbital period of A0620-0090 is 7.75
hours, the mass of V616 Monocerotis is estimated to be 0.67 times
the mass of the sun, and the mass of the black hole is estimated to
be 3.8 times the mass of the sun. Assuming that the orbits are cir-
cular, find the radius of each object’s orbit and the orbital speed of
each object. Compare these answers to the orbital radius and
orbital speed of the earth in its orbit around the sun.
13.73 ... Comets travel around the sun in elliptical orbits with
large eccentricities. If a comet has speed when at a
distance of from the center of the sun, what is its
speed when at a distance of 5.0 * 1010 m?

2.5 * 1011 m
2.0 * 104 m>s

12.0 km>s.
36.0 km>s.
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13.74 .. CP An astronaut is standing at the north pole of a newly
discovered, spherically symmetric planet of radius R. In his hands
he holds a container full of a liquid with mass m and volume V. At
the surface of the liquid, the pressure is at a depth d below the
surface, the pressure has a greater value p. From this information,
determine the mass of the planet.
13.75 .. CALC The earth does not have a uniform density; it is most
dense at its center and least dense at its surface. An approximation 
of its density is where and

Use for the radius
of the earth approximated as a sphere. (a) Geological evidence indi-
cates that the densities are and at the
earth’s center and surface, respectively. What values does the linear
approximation model give for the densities at these two locations?
(b) Imagine dividing the earth into concentric, spherical shells.
Each shell has radius r, thickness dr, volume and
mass By integrating from to show
that the mass of the earth in this model is 
(c) Show that the given values of A and B give the correct mass of
the earth to within 0.4%. (d) We saw in Section 13.6 that a uniform
spherical shell gives no contribution to g inside it. Show that

inside the earth in this model. (e) Verify
that the expression of part (d) gives at the center of the earth
and at the surface. (f) Show that in this model g
does not decrease uniformly with depth but rather has a maximum
of at 
13.76 .. CP CALC In Example 13.10 (Section 13.6) we saw that
inside a planet of uniform density (not a realistic assumption for the
earth) the acceleration due to gravity increases uniformly with dis-
tance from the center of the planet. That is, where 
is the acceleration due to gravity at the surface, r is the distance
from the center of the planet, and R is the radius of the planet. The
interior of the planet can be treated approximately as an incom-
pressible fluid of density (a) Replace the height y in Eq. (12.4)
with the radial coordinate r and integrate to find the pressure inside
a uniform planet as a function of r. Let the pressure at the surface be
zero. (This means ignoring the pressure of the planet’s atmosphere.) 
(b) Using this model, calculate the pressure at the center of the earth.
(Use a value of equal to the average density of the earth, calcu-
lated from the mass and radius given in Appendix F.) (c) Geologists
estimate the pressure at the center of the earth to be approximately

Does this agree with your calculation for the pressure
at What might account for any differences?
13.77 ... CP Consider a spacecraft in an elliptical orbit around
the earth. At the low point, or perigee, of its orbit, it is 400 km
above the earth’s surface; at the high point, or apogee, it is 4000 km
above the earth’s surface. (a) What is the period of the spacecraft’s
orbit? (b) Using conservation of angular momentum, find the ratio
of the spacecraft’s speed at perigee to its speed at apogee. 
(c) Using conservation of energy, find the speed at perigee and the
speed at apogee. (d) It is necessary to have the spacecraft escape
from the earth completely. If the spacecraft’s rockets are fired at
perigee, by how much would the speed have to be increased to
achieve this? What if the rockets were fired at apogee? Which
point in the orbit is more efficient to use?
13.78 . The planet Uranus has a radius of 25,560 km and a surface
acceleration due to gravity of at its poles. Its moon
Miranda (discovered by Kuiper in 1948) is in a circular orbit about
Uranus at an altitude of 104,000 km above the planet’s surface.
Miranda has a mass of and a radius of 235 km. 
(a) Calculate the mass of Uranus from the given data. (b) Calculate

6.6 * 1019 kg

11.1 m>s2

r = 0?
4 * 1011 Pa.

r

r.

gsg1r2 = gsr>R,

r = 2A>3B = 5640 km.4pGA2>9B = 10.01 m>s2

g = 9.85 m>s2
g = 0

g1r2 = 4
3pGr1A - 3

4Br2
M = 4

3pR31A - 3
4BR2.r = R,r = 0dm = r1r2dV.

dV = 4pr 2 dr,

2400 kg>m313,100 kg>m3

R = 6.37 * 106 mB = 1.50 * 10-3 kg>m4.
A = 12,700 kg>m3r1r2 = A - Br,

p0;

m, suspended from a uniform
spring with a force constant k,
vibrates with a frequency 
When the spring is cut in half
and the same object is sus-
pended from one of the halves,
the frequency is What is the
ratio ƒ2>ƒ1?

ƒ2.

ƒ1.
14.97 .. CALC A slender, uni-
form, metal rod with mass M
is pivoted without friction about
an axis through its midpoint and
perpendicular to the rod. A hori-
zontal spring with force constant
k is attached to the lower end of
the rod, with the other end of the
spring attached to a rigid sup-
port. If the rod is displaced by a
small angle from the vertical
(Fig. P14.97) and released, show
that it moves in angular SHM
and calculate the period. (Hint: Assume that the angle is small
enough for the approximations and to be
valid. The motion is simple harmonic if and the
period is then )
14.98 .. The Silently Ringing Bell Problem. A large bell is
hung from a wooden beam so it can swing back and forth with neg-
ligible friction. The center of mass of the bell is 0.60 m below the
pivot, the bell has mass 34.0 kg, and the moment of inertia of the
bell about an axis at the pivot is The clapper is a
small, 1.8-kg mass attached to one end of a slender rod that has
length L and negligible mass. The other end of the rod is attached to
the inside of the bell so it can swing freely about the same axis as
the bell. What should be the length L of the clapper rod for the bell
to ring silently—that is, for the period of oscillation for the bell to
equal that for the clapper?
14.99 ... Two identical thin
rods, each with mass m and
length L, are joined at right
angles to form an L-shaped
object. This object is balanced
on top of a sharp edge (Fig.
P14.99). If the L-shaped object
is deflected slightly, it oscillates.
Find the frequency of oscillation.

18.0 kg # m2.

T = 2p>v.
d2u>dt 2 = -v2u,

cos ™ L 1sin ™ L ™
™

™

14.95 . CP In Fig. P14.95 the
upper ball is released from rest,
collides with the stationary lower
ball, and sticks to it. The strings
are both 50.0 cm long. The upper
ball has mass 2.00 kg, and it is ini-
tially 10.0 cm higher than the
lower ball, which has mass 
3.00 kg. Find the frequency and
maximum angular displacement
of the motion after the collision.
14.96 .. CP BIO T. rex. Model
the leg of the T. rex in Example
14.10 (Section 14.6) as two uniform rods, each 1.55 m long,
joined rigidly end to end. Let the lower rod have mass M and the
upper rod mass 2M. The composite object is pivoted about the top
of the upper rod. Compute the oscillation period of this object for
small-amplitude oscillations. Compare your result to that of
Example 14.10.
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between the tabletop and the spheres for the spheres to roll without
slipping as they move back and forth on the end of the spring. Show
that the motion of the center of mass of the spheres is simple har-
monic and calculate the period.

14.100 . CP CALC A uniform rod of length L oscillates through
small angles about a point a distance x from its center. (a) Prove
that its angular frequency is (b) Show that
its maximum angular frequency occurs when 
(c) What is the length of the rod if the maximum angular frequency
is

CHALLENGE PROBLEMS
14.101 ... The Effective Force
Constant of Two Springs.
Two springs with the same
unstretched length but different
force constants and are
attached to a block with mass m
on a level, frictionless surface.
Calculate the effective force
constant in each of the three
cases (a), (b), and (c) depicted in
Fig. P14.101. (The effective force
constant is defined by 

) (d) An object with mass-keffx.
gFx =

keff

k2k1

2p rad>s?

x = L>112.
2gx>31L2>122 + x24.

10.0 cm

Figure P14.95

u
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Figure P14.101

14.102 ... Two springs, each with unstretched length 0.200 m but
with different force constants and are attached to opposite
ends of a block with mass m on a level, frictionless surface. The
outer ends of the springs are now attached to two pins and 
0.100 m from the original positions of the ends of the springs (Fig.
P14.102). Let and 

(a) Find the length of each spring when the block is in its
new equilibrium position after the springs have been attached to
the pins. (b) Find the period of vibration of the block if it is slightly
displaced from its new equilibrium position and released.

0.100 kg.
m =k2 = 6.00 N>m,k1 = 2.00 N>m,

P2,P1

k2,k1

m
m

P1 P2

0.100 m 0.200 m 0.200 m 0.100

Figure P14.102

14.103 ... CALC A Spring with Mass. The preceding prob-
lems in this chapter have assumed that the springs had negligible
mass. But of course no spring is completely massless. To find the
effect of the spring’s mass, consider a spring with mass M, equilib-
rium length and spring constant k. When stretched or compressed
to a length L, the potential energy is where
(a) Consider a spring, as described above, that has one end fixed
and the other end moving with speed Assume that the speed of
points along the length of the spring varies linearly with distance l
from the fixed end. Assume also that the mass M of the spring is
distributed uniformly along the length of the spring. Calculate the
kinetic energy of the spring in terms of M and (Hint: Divide the
spring into pieces of length dl; find the speed of each piece in

v.

v.

x = L - L0.1
2 kx2,

L0,
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ligible friction. The center of mass of the bell is 0.60 m below the
pivot, the bell has mass 34.0 kg, and the moment of inertia of the
bell about an axis at the pivot is The clapper is a
small, 1.8-kg mass attached to one end of a slender rod that has
length L and negligible mass. The other end of the rod is attached to
the inside of the bell so it can swing freely about the same axis as
the bell. What should be the length L of the clapper rod for the bell
to ring silently—that is, for the period of oscillation for the bell to
equal that for the clapper?
14.99 ... Two identical thin
rods, each with mass m and
length L, are joined at right
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between the tabletop and the spheres for the spheres to roll without
slipping as they move back and forth on the end of the spring. Show
that the motion of the center of mass of the spheres is simple har-
monic and calculate the period.

14.100 . CP CALC A uniform rod of length L oscillates through
small angles about a point a distance x from its center. (a) Prove
that its angular frequency is (b) Show that
its maximum angular frequency occurs when 
(c) What is the length of the rod if the maximum angular frequency
is

CHALLENGE PROBLEMS
14.101 ... The Effective Force
Constant of Two Springs.
Two springs with the same
unstretched length but different
force constants and are
attached to a block with mass m
on a level, frictionless surface.
Calculate the effective force
constant in each of the three
cases (a), (b), and (c) depicted in
Fig. P14.101. (The effective force
constant is defined by 

) (d) An object with mass-keffx.
gFx =

keff

k2k1

2p rad>s?

x = L>112.
2gx>31L2>122 + x24.
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Figure P14.101

14.102 ... Two springs, each with unstretched length 0.200 m but
with different force constants and are attached to opposite
ends of a block with mass m on a level, frictionless surface. The
outer ends of the springs are now attached to two pins and 
0.100 m from the original positions of the ends of the springs (Fig.
P14.102). Let and 

(a) Find the length of each spring when the block is in its
new equilibrium position after the springs have been attached to
the pins. (b) Find the period of vibration of the block if it is slightly
displaced from its new equilibrium position and released.

0.100 kg.
m =k2 = 6.00 N>m,k1 = 2.00 N>m,

P2,P1

k2,k1

m
m

P1 P2

0.100 m 0.200 m 0.200 m 0.100

Figure P14.102

14.103 ... CALC A Spring with Mass. The preceding prob-
lems in this chapter have assumed that the springs had negligible
mass. But of course no spring is completely massless. To find the
effect of the spring’s mass, consider a spring with mass M, equilib-
rium length and spring constant k. When stretched or compressed
to a length L, the potential energy is where
(a) Consider a spring, as described above, that has one end fixed
and the other end moving with speed Assume that the speed of
points along the length of the spring varies linearly with distance l
from the fixed end. Assume also that the mass M of the spring is
distributed uniformly along the length of the spring. Calculate the
kinetic energy of the spring in terms of M and (Hint: Divide the
spring into pieces of length dl; find the speed of each piece in

v.

v.

x = L - L0.1
2 kx2,

L0,

The meter stick is held in a horizontal position and released. As it
swings through the vertical, calculate (a) the change in gravita-
tional potential energy that has occurred; (b) the angular speed of
the stick; (c) the linear speed of the end of the stick opposite the
axis. (d) Compare the answer in part (c) to the speed of a particle
that has fallen 1.00 m, starting from rest.
9.82 .. Exactly one turn of a flexible rope with mass m is wrapped
around a uniform cylinder with mass M and radius R. The cylinder
rotates without friction about a horizontal axle along the cylinder
axis. One end of the rope is attached to the cylinder. The 
cylinder starts with angular speed After one revolution of the
cylinder the rope has unwrapped and, at this instant, hangs vertically
down, tangent to the cylinder. Find the angular speed of the cylin-
der and the linear speed of the lower end of the rope at this time.
You can ignore the thickness of the rope. [Hint: Use Eq. (9.18).]
9.83 . The pulley in Fig. P9.83 has radius R and a moment of
inertia I. The rope does not slip over the pulley, and the pulley
spins on a frictionless axle. The coefficient of kinetic friction
between block A and the tabletop is The system is released
from rest, and block B descends. Block A has mass and block
B has mass Use energy methods to calculate the speed of
block B as a function of the distance d that it has descended.

9.84 .. The pulley in Fig. P9.84
has radius 0.160 m and moment
of inertia The rope
does not slip on the pulley rim.
Use energy methods to calculate
the speed of the 4.00-kg block
just before it strikes the floor.
9.85 .. You hang a thin hoop
with radius R over a nail at the
rim of the hoop. You displace it
to the side (within the plane of
the hoop) through an angle 
from its equilibrium position and
let it go. What is its angular speed when it returns to its equilib-
rium position? [Hint: Use Eq. (9.18).]
9.86 .. A passenger bus in Zurich, Switzerland, derived its
motive power from the energy stored in a large flywheel. The
wheel was brought up to speed periodically, when the bus stopped
at a station, by an electric motor, which could then be attached to
the electric power lines. The flywheel was a solid cylinder with
mass 1000 kg and diameter 1.80 m; its top angular speed was

(a) At this angular speed, what is the kinetic
energy of the flywheel? (b) If the average power required to
operate the bus is how long could it operate
between stops?
9.87 .. Two metal disks, one with radius and mass

and the other with radius and mass
are welded together and mounted on a frictionless

axis through their common center (Fig. P9.87). (a) What is the
M2 = 1.60 kg,

R2 = 5.00 cmM1 = 0.80 kg
R1 = 2.50 cm

1.86 * 104 W,

3000 rev>min.

b

0.560 kg # m2.

mB.
mA

mk.

v0.
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total moment of inertia of the two disks?
(b) A light string is wrapped around the
edge of the smaller disk, and a 1.50-kg
block is suspended from the free end of
the string. If the block is released from
rest at a distance of 2.00 m above the
floor, what is its speed just before it
strikes the floor? (c) Repeat the calcula-
tion of part (b), this time with the string
wrapped around the edge of the larger
disk. In which case is the final speed of
the block greater? Explain why this is so.
9.88 .. A thin, light wire is wrapped
around the rim of a wheel, as shown in
Fig. E9.49. The wheel rotates about a sta-
tionary horizontal axle that passes through
the center of the wheel. The wheel has radius 0.180 m and moment
of inertia for rotation about the axle of . A small
block with mass 0.340 kg is suspended from the free end of the
wire. When the system is released from rest, the block descends
with constant acceleration. The bearings in the wheel at the axle are
rusty, so friction there does of work as the block descends
3.00 m. What is the magnitude of the angular velocity of the wheel
after the block has descended 3.00 m?
9.89 ... In the system shown in Fig. 9.17, a 12.0-kg mass is
released from rest and falls, causing the uniform 10.0-kg cylinder
of diameter 30.0 cm to turn about a frictionless axle through its
center. How far will the mass have to descend to give the cylinder
480 J of kinetic energy?
9.90 . In Fig. P9.90, the cylinder
and pulley turn without friction
about stationary horizontal axles
that pass through their centers. A
light rope is wrapped around the
cylinder, passes over the pulley,
and has a 3.00-kg box suspended
from its free end. There is no slip-
ping between the rope and the pulley surface. The uniform cylinder
has mass 5.00 kg and radius 40.0 cm. The pulley is a uniform disk
with mass 2.00 kg and radius 20.0 cm. The box is released from rest
and descends as the rope unwraps from the cylinder. Find the speed
of the box when it has fallen 2.50 m.
9.91 .. A thin, flat, uniform disk has mass M and radius R. A cir-
cular hole of radius centered at a point from the disk’s
center, is then punched in the disk. (a) Find the moment of inertia
of the disk with the hole about an axis through the original center
of the disk, perpendicular to the plane of the disk. (Hint: Find the
moment of inertia of the piece
punched from the disk.) (b) Find
the moment of inertia of the disk
with the hole about an axis through
the center of the hole, perpendicular
to the plane of the disk.
9.92 .. BIO Human Rotational
Energy. A dancer is spinning at
72 rpm about an axis through her
center with her arms outstretched,
as shown in Fig. P9.92. From bio-
medical measurements, the typical
distribution of mass in a human
body is as follows:

R>2R>4,

-6.00 J

I = 0.480 kg # m2

B

I

A

Figure P9.83

5.00 m

4.00 kg

2.00 kg

Figure P9.84

R2

R1

1.50 kg

Figure P9.87

Pulley

BoxCylinder

Figure P9.90

Figure P9.92
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angle do the total acceleration and net force make with the car’s
velocity at this time?
9.68 .. Engineers are designing a
system by which a falling mass m
imparts kinetic energy to a rotat-
ing uniform drum to which it is
attached by thin, very light wire
wrapped around the rim of the
drum (Fig. P9.68). There is no
appreciable friction in the axle of
the drum, and everything starts
from rest. This system is being
tested on earth, but it is to be used
on Mars, where the acceleration
due to gravity is In the
earth tests, when m is set to 15.0 kg
and allowed to fall through 5.00 m, it gives 250.0 J of kinetic
energy to the drum. (a) If the system is operated on Mars, through
what distance would the 15.0-kg mass have to fall to give the same
amount of kinetic energy to the drum? (b) How fast would the
15.0-kg mass be moving on Mars just as the drum gained 250.0 J
of kinetic energy?
9.69 . A vacuum cleaner belt is looped over a shaft of radius 
0.45 cm and a wheel of radius 1.80 cm. The arrangement of the
belt, shaft, and wheel is similar to that of the chain and sprockets in
Fig. Q9.4. The motor turns the shaft at and the moving
belt turns the wheel, which in turn is connected by another shaft to
the roller that beats the dirt out of the rug being vacuumed. Assume
that the belt doesn’t slip on either the shaft or the wheel. (a) What
is the speed of a point on the belt? (b) What is the angular velocity
of the wheel, in 
9.70 .. The motor of a table saw is rotating at A
pulley attached to the motor shaft drives a second pulley of half the
diameter by means of a V-belt. A circular saw blade of diameter
0.208 m is mounted on the same rotating shaft as the second pulley.
(a) The operator is careless and the blade catches and throws back a
small piece of wood. This piece of wood moves with linear speed
equal to the tangential speed of the rim of the blade. What is this
speed? (b) Calculate the radial acceleration of points on the outer
edge of the blade to see why sawdust doesn’t stick to its teeth.
9.71 ... While riding a multispeed bicycle, the rider can select the
radius of the rear sprocket that is fixed to the rear axle. The front
sprocket of a bicycle has radius 12.0 cm. If the angular speed of
the front sprocket is what is the radius of the rear
sprocket for which the tangential speed of a point on the rim of the
rear wheel will be The rear wheel has radius 0.330 m.
9.72 ... A computer disk drive is turned on starting from rest and
has constant angular acceleration. If it took 0.750 s for the drive to
make its second complete revolution, (a) how long did it take to
make the first complete revolution, and (b) what is its angular
acceleration, in 
9.73 . A wheel changes its angular velocity with a constant angu-
lar acceleration while rotating about a fixed axis through its center.
(a) Show that the change in the magnitude of the radial accelera-
tion during any time interval of a point on the wheel is twice the
product of the angular acceleration, the angular displacement, and
the perpendicular distance of the point from the axis. (b) The radial
acceleration of a point on the wheel that is 0.250 m from the axis
changes from to as the wheel rotates through
20.0 rad. Calculate the tangential acceleration of this point. (c) Show
that the change in the wheel’s kinetic energy during any time inter-
val is the product of the moment of inertia about the axis, the angular

85.0 m>s225.0 m>s2

rad>s2?

5.00 m>s?

0.600 rev>s,

3450 rev>min.
rad>s?

60.0 rev>s

3.71 m>s2.

acceleration, and the angular displacement. (d) During the 20.0-rad
angular displacement of part (b), the kinetic energy of the wheel
increases from 20.0 J to 45.0 J. What is the moment of inertia of
the wheel about the rotation axis?
9.74 .. A sphere consists of a solid wooden ball of uniform den-
sity and radius 0.30 m and is covered with a thin coat-
ing of lead foil with area density Calculate the moment
of inertia of this sphere about an axis passing through its center.
9.75 ... It has been argued that power plants should make use of
off-peak hours (such as late at night) to generate mechanical
energy and store it until it is needed during peak load times, such
as the middle of the day. One suggestion has been to store the
energy in large flywheels spinning on nearly frictionless ball bear-
ings. Consider a flywheel made of iron (density in
the shape of a 10.0-cm-thick uniform disk. (a) What would the
diameter of such a disk need to be if it is to store 10.0 megajoules
of kinetic energy when spinning at 90.0 rpm about an axis perpen-
dicular to the disk at its center? (b) What would be the centripetal
acceleration of a point on its rim when spinning at this rate?
9.76 .. While redesigning a rocket engine, you want to reduce its
weight by replacing a solid spherical part with a hollow spherical
shell of the same size. The parts rotate about an axis through their
center. You need to make sure that the new part always has the
same rotational kinetic energy as the original part had at any given
rate of rotation. If the original part had mass M, what must be the
mass of the new part?
9.77 . The earth, which is not a uniform sphere, has a moment of
inertia of about an axis through its north and south
poles. It takes the earth 86,164 s to spin once about this axis. Use
Appendix F to calculate (a) the earth’s kinetic energy due to its
rotation about this axis and (b) the earth’s kinetic energy due to its
orbital motion around the sun. (c) Explain how the value of the
earth’s moment of inertia tells us that the mass of the earth is con-
centrated toward the planet’s center.
9.78 ... A uniform, solid disk with mass m and radius R is pivoted
about a horizontal axis through its center. A small object of the
same mass m is glued to the rim of the disk. If the disk is released
from rest with the small object at the end of a horizontal radius, find
the angular speed when the small object is directly below the axis.
9.79 .. CALC A metal sign for a car dealership is a thin, uniform
right triangle with base length b and height h. The sign has 
mass M. (a) What is the moment of inertia of the sign for rotation
about the side of length h? (b) If and

what is the kinetic energy of the sign when it is rotat-
ing about an axis along the 1.20-m side at 
9.80 .. Measuring I. As an intern with an engineering firm,
you are asked to measure the moment of inertia of a large wheel,
for rotation about an axis through its center. Since you were a good
physics student, you know what to do. You measure the diameter
of the wheel to be 0.740 m and find that it weighs 280 N. You
mount the wheel, using frictionless bearings, on a horizontal axis
through the wheel’s center. You wrap a light rope around the wheel
and hang an 8.00-kg mass from the free end of the rope, as shown
in Fig. 9.17. You release the mass from rest; the mass descends and
the wheel turns as the rope unwinds. You find that the mass has
speed after it has descended 2.00 m. (a) What is the
moment of inertia of the wheel for an axis perpendicular to the
wheel at its center? (b) Your boss tells you that a larger I is needed.
He asks you to design a wheel of the same mass and radius that has

How do you reply?
9.81 .. CP A meter stick with a mass of 0.180 kg is pivoted about
one end so it can rotate without friction about a horizontal axis.

I = 19.0 kg # m2.

5.00 m>s

2.00 rev>s?
h = 1.20 m,

b = 1.60 m,M = 5.40 kg,

0.3308MR2

7800 kg>m3)

20 kg>m2.
800 kg>m3

m

Drum

Figure P9.68
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of relative to the tracks. Find the magnitude and direc-
tion of the angular velocity of the disk relative to the earth.
10.98 . A 55-kg runner runs around the edge of a horizontal
turntable mounted on a vertical, frictionless axis through its center.
The runner’s velocity relative to the earth has magnitude 
The turntable is rotating in the opposite direction with an angular
velocity of magnitude relative to the earth. The radius
of the turntable is 3.0 m, and its moment of inertia about the axis of
rotation is Find the final angular velocity of the system
if the runner comes to rest relative to the turntable. (You can model
the runner as a particle.)
10.99 .. Center of Percussion. A baseball bat rests on a fric-
tionless, horizontal surface. The bat has a length of 0.900 m, a
mass of 0.800 kg, and its center of mass is 0.600 m from the han-
dle end of the bat (Fig. P10.99). The moment of inertia of the bat
about its center of mass is The bat is struck by a
baseball traveling perpendicular to the bat. The impact applies an
impulse at a point a distance x from the handle end of
the bat. What must x be so that the handle end of the bat remains at
rest as the bat begins to move? [Hint: Consider the motion of the
center of mass and the rotation about the center of mass. Find x so
that these two motions combine to give for the end of the
bat just after the collision. Also, note that integration of Eq. (10.29)
gives (see Problem 10.92).] The point on the
bat you have located is called the center of percussion. Hitting a
pitched ball at the center of percussion of the bat minimizes the
“sting” the batter experiences on the hands.

CHALLENGE PROBLEMS
10.100 ... A uniform ball of radius R rolls without slipping
between two rails such that the horizontal distance is d between the
two contact points of the rails to the ball. (a) In a sketch, show that
at any instant Discuss this expression in
the limits and (b) For a uniform ball starting from
rest and descending a vertical distance h while rolling without slip-
ping down a ramp, Replacing the ramp with the
two rails, show that 

vcm = B 10gh

5 + 2>11 - d2>4R22
vcm = 110gh>7.

d = 2R.d = 0
vcm = v2R2 - d2>4.

¢L = 1 t2
t1 1gt2dt

v = 0

J = 1 t2
t1 Fdt

0.0530 kg # m2.

80 kg # m2.

0.20 rad>s 2.8 m>s.

0.600 m>s In each case, the work done by friction has been ignored. (c) Which
speed in part (b) is smaller? Why? Answer in terms of how the loss
of potential energy is shared between the gain in translational and
rotational kinetic energies. (d) For which value of the ratio do
the two expressions for the speed in part (b) differ by 5.0%? By
0.50%?
10.101 ... When an object is rolling without slipping, the
rolling friction force is much less than the friction force when the
object is sliding; a silver dollar will roll on its edge much farther
than it will slide on its flat side (see Section 5.3). When an object
is rolling without slipping on a horizontal surface, we can
approximate the friction force to be zero, so that ax and are
approximately zero and and are approximately constant.
Rolling without slipping means and If an
object is set in motion on a surface without these equalities, slid-
ing (kinetic) friction will act on the object as it slips until rolling
without slipping is established. A solid cylinder with mass M and
radius R, rotating with angular speed about an axis through its
center, is set on a horizontal surface for which the kinetic friction
coefficient is (a) Draw a free-body diagram for the cylinder
on the surface. Think carefully about the direction of the kinetic
friction force on the cylinder. Calculate the accelerations of
the center of mass and of rotation about the center of mass. (b)
The cylinder is initially slipping completely, so initially 
but Rolling without slipping sets in when Cal-
culate the distance the cylinder rolls before slipping stops. (c)
Calculate the work done by the friction force on the cylinder as it
moves from where it was set down to where it begins to roll
without slipping.
10.102 ... A demonstration gyroscope wheel is constructed by
removing the tire from a bicycle wheel 0.650 m in diameter, wrap-
ping lead wire around the rim, and taping it in place. The shaft proj-
ects 0.200 m at each side of the wheel, and a woman holds the ends
of the shaft in her hands. The mass of the system is 8.00 kg; its
entire mass may be assumed to be located at its rim. The shaft is
horizontal, and the wheel is spinning about the shaft at 
Find the magnitude and direction of the force each hand exerts on
the shaft (a) when the shaft is at rest; (b) when the shaft is rotating
in a horizontal plane about its center at (c) when the
shaft is rotating in a horizontal plane about its center at 
(d) At what rate must the shaft rotate in order that it may be sup-
ported at one end only?
10.103 ... CP CALC A block with mass m is revolving with linear
speed in a circle of radius on a frictionless horizontal surface
(see Fig. E10.42). The string is slowly pulled from below until the
radius of the circle in which the block is revolving is reduced to 
(a) Calculate the tension T in the string as a function of r, the 
distance of the block from the hole. Your answer will be in terms of
the initial velocity and the radius (b) Use 
to calculate the work done by when r changes from to .
(c) Compare the results of part (b) to the change in the kinetic
energy of the block.

r2r1T
S

W = 1r2
r1

T
S1r2 # d rSr1.v1

r2.

r1v1

0.300 rev>s.
0.050 rev>s;

5.00 rev>s.

vx = Rvz.vx = 0.
vz = v0

az

ax

mk.

v0

ax = raz.vx = rvz

vzvx

az

d>R

l
l

l
l

l
l

l
l

l
l

l
l

l
l

l
l

ll

l

l
l

l
l

l
l

l
l

l
l

l
l

l
l

l
l

l
l l

x

v

0.900 m

0.600 m

cm

Figure P10.99


