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PEP Assignment 1 Solutions 

1 (a)  𝑓(𝑥) = 𝑥3 

𝑑

𝑑𝑥
𝑥3 = lim

∆𝑥→0

(𝑥 + ∆𝑥)3 − 𝑥3

∆𝑥
 

One can then use the binomial theorem to get 

(𝑥 + ∆𝑥)3 = (∆𝑥)3 + (6𝑥2∆𝑥) + 𝑥3 

After simplifying, this leads to  

𝑑

𝑑𝑥
𝑥3 = lim

∆𝑥→0
(∆𝑥)2 + (3𝑥∆𝑥) + 3𝑥2 

If ∆𝑥 = 0, then 

d

d𝒙
𝒙𝟑 = 𝟑𝒙𝟐 

 

1(b)  𝑓(𝑥) =
1

√𝑥
, 𝑥 > 0 

d

d𝑥

1

√𝑥
= lim

∆𝑥→0

1

√𝑥 + ∆𝑥
−

1

√𝑥
∆𝑥

 

After simplifying, this leads to  

d

d𝑥

1

√𝑥
= lim

∆𝑥→0

−1

𝑥√𝑥 + ∆𝑥 + √𝑥(𝑥 + ∆𝑥)
 

If ∆𝑥 = 0, then 

d

d𝒙

𝟏

√𝒙
= −

𝟏

𝟐𝒙
𝟑
𝟐

 

 

1(c) 𝑓(𝑥) = sec 𝑥 =
1

cos 𝑥
 

d

d𝑥
sec 𝑥 = lim

∆𝑥→0

1
cos(𝑥 + ∆𝑥)

−
1

cos 𝑥

∆𝑥
 

After simplifying, this leads to  

d

d𝑥
sec 𝑥 = lim

∆𝑥→0

cos 𝑥 − cos(𝑥 + ∆𝑥)

∆𝑥 cos 𝑥 cos(𝑥 + ∆𝑥)
 

Using trig. Identity, one can get 

cos(𝑥 + ∆𝑥) = cos 𝑥 cos ∆𝑥 − sin 𝑥 sin ∆𝑥 

This leads to 

d

d𝑥
sec 𝑥 = lim

∆𝑥→0

1 − cos ∆𝑥

∆𝑥 cos(𝑥 + ∆𝑥)
+ (

sin 𝑥

cos 𝑥
)

sin ∆𝑥

∆𝑥 cos(𝑥 + ∆𝑥)
 

If  ∆𝑥 = 0, then 

sin ∆𝑥 = 0 cos ∆𝑥 = 1 
 

1(c) Continued … 

Knowing that  

lim
∆𝑥→0

1 − cos ∆𝑥

∆𝑥
= 0 

 

lim
∆𝑥→0

sin ∆𝑥

∆𝑥
= 1 

 
One can then get 

d

d𝑥
sec 𝑥 = 0 +

1

cos 𝑥
tan 𝑥 

d

d𝒙
sec 𝒙 = sec 𝒙 𝐭𝐚𝐧 𝒙 

 

2(a) 𝑓(𝑥) = 𝑥2 + 𝑥 + 3 

One can use a combination of the power rule and the sum rule 

to get 

d

d𝒙
𝒇(𝒙) = 𝟐𝒙 + 𝟏 

 

2(b)  𝑓(𝑥) = sin 𝑥 cos 𝑥 

One can use the product rule  

d

d𝑥
[𝑔(𝑥)ℎ(𝑥)] = 𝑔(𝑥)

d

d𝑥
ℎ(𝑥) + ℎ(𝑥)

d

d𝑥
𝑔(𝑥) 

𝑔(𝑥) = sin 𝑥 
d

d𝑥
𝑔(𝑥) = cos 𝑥 

  

ℎ(𝑥) = cos 𝑥 
d

d𝑥
ℎ(𝑥) = − sin 𝑥 

 

Putting all the terms together to get 

d

d𝒙
𝒇(𝒙) = −sin𝟐𝒙 + cos𝟐𝒙 

 

2(c)  𝑓(𝑥) = √1 − 𝑥3 

Let 𝑢 = 1 − 𝑥3 and 𝑦 = √𝑢 

One can then use the chain rule 

d

d𝑥
𝑓(𝑥) =

d𝑦

d𝑢
 
d𝑢

d𝑥
 

d𝑦

d𝑢
=

1

2√𝑢
 

d𝑢

d𝑥
= −3𝑥2 

 

Putting all the terms together to get 

d

d𝒙
𝒇(𝒙) = −

𝟑𝒙𝟐

𝟐√𝟏 − 𝒙𝟑
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2(d)  𝑓(𝑥) = sin√1 − 𝑥2 

Let 𝑘 = 1 − 𝑥2, 𝑐 = √𝑘 and 𝑦 = sin 𝑐 

One can use the chain rule  

d𝑦

d𝑥
=

d𝑦

d𝑐
 
d𝑐

d𝑘
 
d𝑘

d𝑥
 

d𝑘

d𝑥
= −2𝑥 

d𝑐

d𝑘
=

1

2√𝑘
 

d𝑦

d𝑐
= cos 𝑐 

 

Putting all the terms together to get 

d𝒚

d𝒙
= −

𝒙

√𝟏 − 𝒙𝟐
𝐜𝐨𝐬 √𝟏 − 𝒙𝟐 

 

2(e)  𝑓(𝑥) =
𝑥+2

𝑥−2
 

Let 𝑔(𝑥) = 𝑥 + 2 and ℎ(𝑥) = 𝑥 − 2 

One can use the quotient rule 

𝑑

𝑑𝑥

𝑔(𝑥)

ℎ(𝑥)
=

𝑔(𝑥)
𝑑

𝑑𝑥
ℎ(𝑥) + ℎ(𝑥)

𝑑
𝑑𝑥

𝑔(𝑥)

[ℎ(𝑥)]2
 

𝑔(𝑥) = 𝑥 + 2 
𝑑

𝑑𝑥
𝑔(𝑥) = 1 

  

ℎ(𝑥) = 𝑥 − 2 
𝑑

𝑑𝑥
ℎ(𝑥) = 1 

 

Putting all the terms together to get 

𝒅

𝒅𝒙
𝒇(𝒙) = −

𝟒

(𝒙 − 𝟐)𝟐
 

 

3(a) 

Knowing that 

𝑉 = 𝜋𝐻 (
𝐷

2
)

2

 (1) 

𝐴 = 𝜋𝐷𝐻 + 2𝜋 (
𝐷

2
)

2

 (2) 

 

𝐴 = Total surface area of the cylindrical tank 

𝑉 = Total volume of the cylindrical tank 

𝐻 = Height of the cylindrical tank 

𝐷 = Diameter for the base of the cylindrical tank 

From (1), we get 

𝐻 =
16

𝜋𝐷2
 (3) 

 

Substitute (3) into (2) 

𝐴 =
16

𝐷
+

𝜋

2
𝐷2 (4) 

 

To get a minimum 

𝑑𝐴

𝑑𝐷
= 0 

−
16

𝐷2
+ 𝜋𝐷 = 0 (5) 

 

Solving (5) for 𝐷 

𝑫 = (
𝟏𝟔

𝝅
)

𝟑

meters 

OR 

𝑫 = 𝟏. 𝟕𝟐𝟏 meters 

 

* Substitute the value of 𝐷 into (1), should find that 𝑯 = 𝑫  

Substitute the value of 𝐷 into (2), the total surface area 𝐴 of 

the metal sheet required is 

𝑨 =
𝟑𝝅

𝟐
𝑫𝟐 sq.meters 

OR 

𝑨 = 𝟏𝟑. 𝟗𝟒𝟗 sq.meters 

 

3(b) 

Recall the relationship between 𝑉, 𝐻 and 𝐷 from 3(a): 

𝐻 = 𝐷 (1) 

𝑉 = 𝜋𝐻 (
𝐷

2
)

2

 (2) 

 

Substitute (1) into (2) 

𝑉 = 𝜋 (
𝐷

2
)

3

 (3) 

 

Differentiate (3) with respect to 𝐷 gives 

d𝑉

d𝐷
=

3

4
𝜋𝐷2 (4) 

 

 

3(b) continued … 

If Δ𝐷 is the error in 𝐷 (and in 𝐻), then (4) can be rewritten as 
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Δ𝑉 ≈
3

4
𝜋𝐷2 Δ𝐷  

Therefore, the relative error in 𝑉 is 

Δ𝑉

𝑉
≈ 3

∆𝐷

𝐷
 

If the relative error in 𝐷 is 2%, then 

𝜟𝑽

𝑽
≈ 𝟔% 

 

4(a) 

𝐫 = cos 𝑡 �̂� + sin 𝑡 �̂� + 2𝑡�̂� 

 

The trajectory is a spiral. 

Differentiate 𝑟 with respect to time 𝑡 to get the velocity 𝒗 

𝒗 =
d𝒓

d𝑡
= − sin 𝑡�̂� + cos 𝑡�̂� + 2�̂� 

Obtain the second derivative of 𝒓 to get the acceleration 𝒂  

𝒂 =
d2𝑟

d𝑡2
= − cos 𝑡�̂� − sin 𝑡 �̂� 

 

5(a) 

The position vector of the projectile at any time is 

𝑟 = 𝑣 cos(𝜃 + 𝛼)𝑡�̂� + [𝑣 sin(𝜃 + 𝛼)𝑡 −
1

2
𝑔𝑡2] �̂� 

Therefore, the 𝑥 and y component of the position vector are 

𝑥 = 𝑣 cos(𝜃 + 𝛼) 𝑡 (1) 

𝑦 = 𝑣 sin(𝜃 + 𝛼) 𝑡 −
1

2
𝑔𝑡2 (2) 

 

 

5(a) continued … 

The equation of the incline is 

𝑦 = 𝑥 tan 𝜃 (3) 
 

Sometime later, the trajectory and the incline will meet. This 

leads to (2) being the same as (3), so that 

sin(𝜃 + 𝛼)𝑡 −
1

2
𝑔𝑡2 = 𝑥 tan 𝜃 

 

 

sin(𝜃 + 𝛼)𝑡 −
1

2
𝑔𝑡2 = 𝑣 cos(𝜃 + 𝛼) 𝑡 tan 𝜃 

 
(4) 

 

Rearrange (4) to get 𝑡 

𝑡 =
2𝑣(sin(𝜃 + 𝛼) cos 𝜃 − sin 𝜃 cos(𝜃 + 𝛼))

𝑔 cos 𝜃
 

 

(5) 

 

Can use the following trig. Identity to simplify (5), 

sin(𝜃 + 𝛼 − 𝜃) = sin(𝜃 + 𝛼) cos 𝜃 − cos(𝜃 + 𝛼) sin 𝜃 

Then we get 

𝑡 =
2𝑣 sin 𝛼

𝑔 cos 𝜃
 (6) 

 

Using the geometry outlined in the problem, 

𝑅 = 𝑥 sec 𝜃 (7) 
 

Substitute (1) and (6) into (7), we obtain 

𝑅 =
𝑣2

𝑔cos2𝜃
(sin(2𝛼 + 𝜃) − sin 𝜃) 

 

(8) 

 

To find the maximum value of angle 𝛼 , need to find 
𝑑𝑅

𝑑𝛼
 and 

solve for 𝛼 when 
𝑑𝑅

𝑑𝛼
= 0 . Using the sum rule and the chain rule, 

we then obtain 

d𝑅

d𝛼
= 2 cos(2𝛼 + 𝜃) 

 

 

2 cos(2𝛼 + 𝜃) = 0 (9) 
 

Finally, we solve (9) for 𝛼 to obtain 

𝜶 =
𝝅

𝟒
=

𝜽

𝟐
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