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PEP Assignment 3 Solutions 

1 (a) 

𝒇(𝒙) = Ln(𝟏 + 𝒙)𝟓 

  𝑓(0) 0 

𝑓′(𝑥) 5(1 + 𝑥)−1 𝑓′(0) 5 

𝑓′′(𝑥) −5(1 + 𝑥)−2 𝑓′′(0) -5 

𝑓′′′(𝑥) 10(1 + 𝑥)−3 𝑓′′′(0) 10 

𝑓′′′′(𝑥) −30(1 + 𝑥)−4 𝑓′′′′(0) -30 

 

Therefore, its Taylor series up to the first four terms is 

𝒇(𝒙) = 𝟓𝒙 −
𝟓

𝟐
𝒙𝟐 +

𝟓

𝟐
𝒙𝟑 −

𝟓

𝟒
𝒙𝟒  

 

1 (b) 

𝒇(𝒙) = cosh (𝒙) 

  𝑓(0) 1 

𝑓′(𝑥) sinh (𝑥) 𝑓′(0) 0 

𝑓′′(𝑥) cosh (𝑥) 𝑓′′(0) 1 

𝑓′′′(𝑥) sinh (𝑥) 𝑓′′′(0) 0 

𝑓′′′′(𝑥) cosh (𝑥) 𝑓′′′′(0) 1 

𝑓′′′′′(𝑥) sinh (𝑥) 𝑓′′′′′(𝑥) 0 

𝑓′′′′′′(𝑥) cosh (𝑥) 𝑓′′′′′′(𝑥) 1 

 

Therefore, its Taylor series up to the first four terms is 

𝒇(𝒙) = 𝟏 +
𝟏

𝟐
𝒙𝟐 +

𝟏

𝟐𝟒
𝒙𝟒 +

𝟏

𝟕𝟐𝟎
𝒙𝟔  

 

1 (c) 

𝒇(𝒙) = √𝟏 − 𝒙 

  𝑓(0) 1 

𝑓′(𝑥) −
1

2
(1 − 𝑥)−

1
2 𝑓′(0) −

1

2
 

𝑓′′(𝑥) −
1

4
(1 − 𝑥)−

3
2 𝑓′′(0) −

1

4
 

𝑓′′′(𝑥) −
3

8
(1 − 𝑥)−

5
2 𝑓′′′(0) −

3

8
 

 

Therefore, its Taylor series up to the first four terms is 

𝒇(𝒙) = 𝟏 −
𝟏

𝟐
𝒙 −

𝟏

𝟖
𝒙𝟐 +

𝟏

𝟏𝟔
𝒙𝟑  

 

2(a) 

𝒁 = 𝟐𝒆
𝒊𝝅
𝟒  

𝒁𝟑 = 𝟖𝒆
𝒊𝟑𝝅

𝟒 = 𝟖 (𝐜𝐨𝐬
𝟑𝝅

𝟒
+ 𝐬𝐢𝐧

𝟑𝝅

𝟒
𝒊) 

 

2(b) 

𝒁 =
𝟏

𝟏𝟔
𝒆𝒊𝟔𝝅 

𝒁
𝟏
𝟒 =

𝟏

𝟐
𝒆𝒊

𝟑𝝅
𝟐 =

𝟏

𝟐
(𝐜𝐨𝐬

𝟑𝝅

𝟐
+ 𝐬𝐢𝐧

𝟑𝝅

𝟐
𝒊) 

 

2(c) 

𝒁 = (
𝟏

𝟐
− 𝒊

√𝟑

𝟐
)

𝟑

 

𝒁 = (𝒆
𝒊𝝅
𝟑 )

𝟑

= −𝟏 

 

2(d)i 

𝒁 = 𝟓 − 𝟓𝒊 

|𝒁| = 𝟓√𝟐 

𝜽 = −
𝝅

𝟒
 

𝒁 = 𝟓√𝟐 𝒆−𝒊
𝝅
𝟒 

 

2(d)ii 

𝒁 = 𝟏𝟓 − 𝟏𝟑𝒊 

|𝒁| = √𝟑𝟗𝟒 

𝜽 = −𝟎. 𝟕𝟏𝟒 

𝒁 = √𝟑𝟗𝟒 𝒆−𝒊𝟎.𝟕𝟏𝟒 

 

2(e) 

𝒁 =
(𝟏 + 𝒊)𝟐

√𝟐(𝟏 − 𝒊)
 

Multiply by a factor of 
(𝟏+𝒊)

(𝟏+𝒊)
 to get 

𝒁 =
(𝟏 + 𝒊)𝟑

𝟐√𝟐
= −

𝟏

√𝟐
+

𝟏

√𝟐
𝒊 

Therefore, 

Re (𝒁) = −
𝟏

√𝟐
 

and 

Im (𝒁) =
𝟏

√𝟐
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(3) 

Let’s define the following variables: 

  

𝒗𝟏,𝒊 
Velocity of the object with 
mass 𝑚1 before the collision 

𝒗𝟐,𝒊 
Velocity of the object with 
mass 𝑚2 before the collision 

𝒗𝟏,𝒇 
Velocity of the object with 
mass 𝑚1 after the collision 

𝒗𝟐,𝒇 
Velocity of the object with 
mass 𝑚2 after the collision 

𝒗′𝟐,𝒇 
Velocity of the object with 
mass 𝑚2  after the collision 
with the wall 

 

Elastic collision occurs when the kinetic energy and the 

momentum are conserved. Therefore, we can write the 

following equations: 

From the conservation of kinetic energy: 

1

2
𝑚1𝑣1,𝑖

2 =
1

2
𝑚1𝑣1,𝑓

2 +
1

2
𝑚1𝑣2,𝑓

2   

From the conservation of momentum: 

1

2
𝑚1𝑣1,𝑖

2 =
1

2
𝑚1𝑣1,𝑓

2 +
1

2
𝑚1𝑣2,𝑓

2  

From these two equations, we get 

𝑣1,𝑓 = (
𝑚1 − 𝑚2

𝑚1 + 𝑚2

) 𝑣1,𝑖 

and 

𝑣2,𝑓 = (
2𝑚1

𝑚1 + 𝑚2

) 𝑣1,𝑖  

Since the collision between the object with mass 𝑚2 and the 

wall is considered to be elastic, we can also write 

𝑣2,𝑓
′ = −𝑣2,𝑓 

For the case when 𝑣2,𝑓
′  and 𝑣1,𝑓 are the same (i.e. no second  

collision), then 

𝑚2

𝑚1

= 3 

Therefore, in order for the second collision to occur 

 𝑣2,𝑓
′ > 𝑣1,𝑓 

and so 

𝒎𝟐

𝒎𝟏

< 𝟑 

 

 

 

(4) 

Let’s define the following variables: 

  

𝑽 Velocity of the hemisphere 

𝑴 Mass of the hemisphere 

𝜽 
Angle between the top of the 
hemisphere and the object 
sliding down the hemisphere 

𝒎 
Mass of the object sliding 
down the hemisphere 

𝒗′ 
Velocity of the object sliding 
down the hemisphere 

 

In this scenario, we can write the following equations: 

By conservation of momentum: 

𝑀𝑉 = 𝑚(𝑣′ cos 𝜃 − 𝑉) 

By conservation of energy: 

1

2
𝑚[(𝑣′ cos 𝜃 − 𝑉)2 + (𝑣′ sin 𝜃)2] +

1

2
𝑀𝑉2 = 𝑚𝑔𝑅(1 − cos 𝜃) 

By Newton’s 2nd law (when the object is no longer in contact 

with the hemisphere): 

𝑚𝑔 cos 𝜃 =
𝑚(𝑣′)2

𝑅
 

With these three equations, we get 

𝑴

𝒎
= 𝟐. 𝟒𝟑 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



PEP Assignment 3 Solutions  
 

3 
 

 

 

 

 

 

 

 


