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Transverse Waves 
 

Reading: Chapter 16 

 

Waves 

1. Mechanical waves: e.g. water waves, sound waves, 

seismic waves 

2. Electromagnetic waves: light, ultraviolet light, radio 

and television waves, microwaves, x rays, radar waves 

3. Matter waves: electrons, protons, other fundamental 

particles, atoms and molecules 

 

Transverse and Longitudinal Waves 

 

See animation 

“Travelling Waves” 
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Transverse waves: the displacement of a point on the 

string is perpendicular to the direction of travel of the 

wave. 

 

Longitudinal waves: the motion of a particle is parallel 

to the direction of travel of the wave. 

 

Wavelength and Frequency 

 

Suppose that at t = 0, a travelling 

wave has the form 

 
 .sin)0,( kxyxy m  

 

At time t, the travelling wave 

will have the same form, except 

that it is displaced along the x 

direction by a displacement vt, 

where v = wave speed. 

 

Hence the displacement at 

position x and time t is given by 

 
)].(sin[),( vtxkytxy m   

 

This is usually written as 

 

),sin(),( tkxytxy m   

 

where  = kv, or v
k




.  

Amplitude ym 

Phase kx  t 
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Wavenumber k: 

At t = 0, 

 
.sin)0,( kxyxy m  

 

Since the waveform repeats itself when displaced by one 

wavelength, 

 
).sin()](sin[sin  kkxyxkykxy mmm   

 

Thus, k = 2, 

 

k 
2


.  

 

Angular frequency : 

At x = 0, 

  
y t y t

m
(0, ) . sin  

 

Since the waveform repeats itself when delayed by one 

period, 

 
).sin()](sin[sin TtyTtyty mmm    

 

Thus, T = 2, 

 





2

T
.  

Frequency f: 

f
T

 
1

2




.  
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Wave Speed 

 
Since k = 2/ and  = 2/T, 
 

v
k T

f  
 

 .  

 

v = /T means that the wave travels by a distance of one 

wavelength in one period. 

Since y(x, t) = ymsin(kx  t), the peak of the travelling 

wave is described by: 
 

kx t 


2
. 

 

In general, any point on the waveform, as the wave 

moves in space and time, is described by: 
 

kx t  constant. 
 

Travelling wave in the opposite direction: 

 
).sin()](sin[),( tkxyvtxkytxy mm   

 

A point on the waveform, as the wave moves in space 

and time, is described by kx + t = constant.  
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Example 

16-2,3 A transverse wave travelling along a string is 

described by y(x, t) = 0.00327sin(72.1x  2.72t), in which 

the numerical constants are in SI units. 

(a)  What is the amplitude of this wave? 

(b)  What are the wavelength, period, and frequency of 

this wave? 

(c)  What is the velocity of this wave? 

(d)  What is the displacement y at x = 22.5 cm and t = 

18.9 s? 

(e)  What is the transverse velocity u of this element of 

the string, at that place and at that time? 

(f)  What is the transverse acceleration ay at that position 

and at that time? 

(a) ym = 0.00327 = 3.27 mm   (ans) 

(b) cm 71.80871.0
1.72

22





k
   (ans) 

      s 31.2
72.2

22







T    (ans) 

      Hz 433.0
31.2

11


T
f    (ans) 

(c) 1cms 77.30377.0
1.72

72.2 
k

v


   (ans) 

(d) )9.1872.20.225sin(72.100327.0),( txy  

      mm 92.100192.0     (ans) 

(e) )cos( tkxy
t

y
u m  




  

      )9.1872.2225.01.72sin()00327.0)(72.2(   

      
1mms 20.7     (ans) 

(f) ytkxy
t

u
a my

22 )sin(  



  

      22 mms 2.140142.0)00192.0()72.2(     (ans)
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 Wave Speed on a Stretched String 

 
Consider the peak of a wave travelling from left to right 

on the stretched string. 

If we observe the wave from a reference frame moving at 

the wave speed v, the peak becomes stationary, but the 

string moves from right to left with speed v. 

Consider a small segment of length l at the peak. 

Let   be the tension in the string. 

Vertical component of the force on the element: 

F
l

R
  2 2    sin ( ) ,


 

where R is the radius of curvature. 

Mass of the segment:  m l . 

Its centripetal acceleration: a
v

R


2

. 

Using Newton’s second law, F=ma, 

 



l

R
l

v

R
 ( ) .

2

 

This reduces to 

v 



. 

Note that  represents the elastic property of the stretched 

string, and  represents its inertial property. 
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Example 

 

16-4 Two strings have been tied together with a knot and 

then stretched between two rigid supports. The strings 

have linear densities 1 = 1.4  104 kgm1 and 2 = 2.8  

104 kgm1. Their lengths are L1 = 3 m and L2 = 2 m, and 

string 1 is under a tension of 400 N. Simultaneously, on 

each string a pulse is sent from the rigid support end, 

towards the knot. Which pulse reaches the knot first? 

 

1

1



v  

s 1077.1
400

104.1
3 3

4

1
1

1

1
1











L

v

L
t  

2

2



v  

s 1067.1
400

108.2
2 3

4

2
2

2

2
2











L

v

L
t  

Thus, the pulse on string 2 reaches the knot first. 
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Energy and Power of a Travelling String Wave 

 

Kinetic energy: 

 

Consider a string element of 

mass dm. Kinetic energy: 

 

.
2

1 2udmdK   

 

Since y(x, t) = ymsin(kx  t), 

 

).cos( tkxy
t

y
u m  




  

 

Since dm = dx, 

 

).(cos))((
2

1 22 tkxydxdK m    

 

Rate of kinetic energy transmission: 

 

.)(cos
2

1 222

dt

dx
tkxy

dt

dK
m    

 

Using v = dx/dt,  

 

).(cos
2

1 222 tkxyv
dt

dK
m    

 

Kinetic energy is maximum at the y = 0 position. 
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Potential energy: 

 

Potential energy is carried in the string when it is 

stretched. 

Stretching is largest when the displacement has the 

largest gradient. 

Hence, the potential energy is also maximum at the y = 0 

position. This is different from the harmonic oscillator, in 

which case energy is conserved. 

Detailed mathematics shows that: 

 

.)(cos
2

1 222

dt

dK
tkxyv

dt

dU
m    

 

Mechanical energy: 

 

).(cos222 tkxyv
dt

dU

dt

dK

dt

dE
m    

 

Average power of transmission: 

 

,)(cos222 tkxyv
dt

dE
P m    

 

where … represents averaging over time. Since cos2(kx 

 t) = 1/2, average power: 

 

.
2

1 22

myvP   
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Example 

 

16-5 A string has a linear density  of 525 g/m and is 

stretched with a tension  of 45 N. A wave whose 

frequency f and amplitude ym are 120 Hz and 8.5 mm, 

respectively, is travelling along the string. At what 

average rate is the wave transporting energy along the 

string? 
1rads 0.754)120)(2(2   f  

1ms 258.9
525.0

45 



v  

22

2

1
myvP   

22 )0085.0()0.754)(258.9)(525.0(
2

1








  

 W8.99    (ans) 
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The Principle of Superposition for Waves 

 
Overlapping waves algebraically add to produce a 

resultant wave. 

 
).,(),(),(' 21 txytxytxy   

 

Overlapping waves do not in any way alter the travel of 

each other. 



 12 

Interference of Waves 

 

Suppose we send two sinusoidal waves of the same 

wavelength and amplitude in the same direction along a 

stretched string. 

 
),sin(),(1 tkxytxy m   

).sin(),(2   tkxytxy m  

 

 is called the phase difference or phase shift between the 

two waves. Combined displacement: 

 
).sin()sin(),('   tkxytkxytxy mm  

 

Using the trigonometric identity  

 

,
2

cos
2

sin2sinsin 






 







 



  

 

we obtain 

 

.
2

sin
2

cos2),(' 





















tkxytxy m  

 

The resultant wave: 

 

(1) is also a travelling wave in the same direction, 

 

(2) has a phase constant of /2, 

 

(3) has an amplitude of y’m = 2ymcos(/2). 
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Fully constructive interference: If  = 0, the amplitude is 

maximum: 

 
).sin(2),(' tkxytxy m   

 

Fully destructive interference: If  = , 

 
y x t'( , ) .0  

 

Intermediate interference: If  is between 0 and , the 

amplitude is intermediate. 
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Example 

 

16-6 Two identical sinusoidal waves, moving in the same 

direction along a stretched string, interfere with each 

other. The amplitude ym of each wave is 9.8 mm, and the 

phase difference  between them is 100o. 

(a) What is the amplitude y’m of the resultant wave due to 

the interference, and what is the type of this interference? 

(b) What phase difference, in radians and wavelengths, 

will give the resultant wave an amplitude of 4.9 mm? 

(a) 









2

100
cos)mm 8.9)(2(

2
cos2'

o
mm yy  

      mm 13    (ans) 

(b) 
2

cos2'


mm yy   

      
2

cos)8.9)(2(9.4


  

      rad 2.6rad 636.2
)8.9)(2(

9.4
cos2 1 








     (ans) 

 = +2.6 rad: The second wave leads (travels ahead of) 

the first wave. 

 = 2.6 rad: The second wave lags (travels behind) the 

first wave. 

In wavelengths, the phase difference is 

h wavelengt42.0
2

636.2



   (ans) 
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Standing Waves 

 
See animation “Two Waves on the Same String” 

Consider two sinusoidal waves of the same wavelength 

and amplitude travelling in the opposite direction along a 

stretched string. 

 
),sin(),(1 tkxytxy m   

).sin(),(2 tkxytxy m   

 

Combined displacement: 

 
).sin()sin(),(' tkxytkxytxy mm    

 

Using the trigonometric identity  

 

,
2

cos
2

sin2sinsin 






 







 



  

 

we obtain 

 
.cos]sin2[),(' tkxytxy m   
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Properties: 

 

(1)  The resultant wave is not a travelling wave, but is a 

standing wave, e.g. the locations of the maxima and 

minima do not change, 

 

(2)  There are positions where the string is permanently at 

rest. They are called nodes, and are located at 

 

kx n , for n0 1 2, , , 

 

x
n

k
n 

 

2
, for n0 1 2, , , 

 

 They are separated by half wavelength. 

 

(3) There are positions where the string has the maxi-

mum amplitude. They are called antinodes, and are 

located at 

 

kx n  
1

2

3

2

5

2

1

2
   , , , ( ,)    for   n0 1 2, , , 

 

,
22

1 








 nx    for   n0 1 2, , , 

 

 They are separated by half wavelength. 
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Reflections at a Boundary 

 

Fixed end: 

(1)  The fixed end becomes a node. 

(2)  The reflected wave vibrates in the opposite transverse 

direction. 

 

Free end: 

(1)  The free end becomes an antinode. 

(2)  The reflected wave vibrates in the same transverse 

direction. 

 
See animation “Constructive and Destructive 

Interference” 

At the free end:  

Displacement 

gradient = 0 

At the fixed end: 

Displacement = 0 
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Standing Waves and Resonance 

 
Consider a string with length L 

stretched between two fixed ends. 

Boundary condition: nodes at 

each of the fixed ends. 

When the string is driven by an 

external force, at a certain 

frequency the standing wave will 

fit this boundary condition. 

Then this oscillation mode will 

be excited. 

The frequency at which the 

oscillation mode is excited is 

called the resonant frequency. 

See animation “Standing Waves” 
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Case (a): 2 nodes at the ends, 1 antinode in the middle 

L


2
,    2L.  

Resonant frequency: f
v v

L
 
 2

. 

 

Case (b): 3 nodes and 2 antinodes 

L.  

Resonant frequency: f
v v

L
 


. 

 

Case (c): 4 nodes and 3 antinodes 

L
3

2


,    

2

3

L
.  

Resonant frequency: f
v v

L
 


3

2
. 

 

In general, 

 

L
n




2
,    

2L

n
,   for n = 1, 2, 3,  

 

Resonant frequency: 

 

f
v

n
v

L
 
 2

,   for n = 1, 2, 3,  

 

n = 1 fundamental mode, or first harmonic 

n = 2 second harmonic 

n = 3 third harmonic 

 

See Youtube “Millenium Bridge Opening”. 
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Example 16-8 A string of mass m = 2.5 g and length L = 

0.8 m is under tension  = 325 N. 

(a) What is the wavelength  of the transverse waves 

producing the standing-wave pattern in Fig. 16-25, and 

what is the harmonic number n? 

(b) What is the frequency f of the transverse waves and 

of the oscillations of the moving string elements? 

(c) What is the maximum magnitude of the transverse 

velocity um of the element oscillating at coordinate x = 

0.18 m? 

(d) At what point during the element’s oscillation is the 

transverse velocity maximum? 

(a) m 4.0
2

8.0

2


L
    (ans) 

Since there are four loops, n = 4.   

(ans) 

(b) 1ms 5.322
8.0/0025.0

325 



v  

Hz 8062.806
4.0

5.322




v
f    (ans) 

(c) tkxytxy m cos]sin2[),('   where ym = 0.002 m. 

)cossin2(),( tkxy
tt

y
txu m 









  

tkxym  sinsin2  

Magnitude: kxyu mm sin2  

Here, )2.806)(2(2   f , 
4.0

22 




k . At x=0.18 m, 

1ms 26.6)18.0(
4.0

2
sin)002.0)(2.806)(2(2 










mu  

(d) The transverse velocity is maximum when y = 0.   

(ans) 



 21 

Summary of Equations: 

 

Travelling wave:  )],(sin[),( vtxkytxy m   

or ).sin(),( tkxytxy m   

Wavenumber:    k 
2


.  

Angular frequency:   



2

T
.  

Frequency:    f
T

 
1

2




. 

Wave velocity:   v
k

f 


.  

Travelling wave (opposite): ).sin(),( tkxytxy m   

Stretched string:   .



v  

Transmitted power:   .
2

1 22

myvP   

Interference:    .
2

cos2'


mm yy   

Standing wave:   .cos]sin2[),( tkxytxy m   

Reflection at fixed end:  node, osc. opp. dir. 

Reflection at free end:  antinode, osc. same dir. 

Vibrating string (fixed ends): f
v

n
v

L
 
 2

.  

 


