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1. (20 points) A massless rod with length l is connected to a smooth horizontal surface with a 
hinge; a point mass with mass m is attached at the end of the rod. Initially the rod is vertical 
(i.e. 𝛼 = 𝜋/2 in the figure) and the point mass rests against the block of mass M. The system 
is left to move freely and after some time the point mass loses contact with the surface of the 
block – at the moment when the rod forms an angle 𝛼 = 𝜋/6 with the horizontal. Let the 
speed of the point mass be v while the speed of the block is u at this moment. Notice that both 
the point mass and the block will have the same horizontal velocity and acceleration before 
losing contact. The interface between the point mass and the block is smooth. 

 
a) Find the ratio u/v in terms of 𝛼. 
b) What is the normal force between the point mass and the block at the moment of 
separation? 
c) What is the tension in the rod at this moment? 
d) Find the ratio of the masses M/m. 
e) Find the velocity u of the block at this moment. 
 

 
 

 
a) u = v sin α 
b) The normal force is zero 
c) since the block has zero acceleration (zero normal force), the sphere also has zero 
horizontal acceleration and hence the tension in the rod must be zero. 
 
d) The energy conservation gives, 
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Finally, we look at the radical acceleration of the sphere, 

mg sin α =
mv2
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2. (20 points) A block of mass m lies on a frictionless horizontal table. On top of it 
lies another block of mass m, and on top of that – another block of mass m. A thread 
that connects the first and the third block has been extended around a weightless 
pulley. The threads are horizontal and the pulley is being pulled by a force F. The 
coefficients of static and kinetic friction between the blocks are both µ. 

 
 
a) What is the acceleration of the second block if all three blocks move together? 

What is the maximum value of the force F to make it possible? 
b) What is the acceleration of the second block if the top one slides and the bottom 

two stay together? What is the range of the force F to make it possible? 
c) What is the acceleration of the second block if every blocks slide? What is the 

range of the force F to make it possible? 
 
We can apply the 2nd law on each block separately. 

T − f= = ma= 
f= + f2 = ma2 
T − f2 = ma? 

And since the pulley is massless, we have 
2T = F 

 
a) If all 3 blocks move together, we have 3ma = F or a = F/3m and f= = f2 = F/3. 

Hence F ≤ 6µmg. 
 

b) If the top one slides and the bottom two stay together, we have D
2
+ µmg = 2ma2  or 

a2 =
D
EF
+ =

2
µg. 

 
In this case, the static friction 2µmg ≥ f2 =

D
E
− =

2
µmg or 6µmg ≤ F ≤ 10µmg 

 
c) If every block slides, a2 = 3µg and F > 10µmg 

with the angular velocity ω. By how much
does the water surface height at the axis
differ from the height next to the vessel’s
edges?

PROB 62. A block with mass M is on a
slippery horizontal surface. A thread ex-
tends over one of its corners. The thread is
attached to the wall at its one end and to a
little block of mass m, which is inclined by
an angle α with respect to the vertical, at
the other. Initially the thread is stretched
and the blocks are held in place. Then
the blocks are released. For which ratio of
masses will the angle α remain unchanged
throughout the subsequent motion?

α mM

PROB 63. Two slippery (µ = 0) wedge-
shaped inclined surfaces with equal tilt
angles α are positioned such that their
sides are parallel, the inclines are facing
each other and there is a little gap in
between (see fig.). On top of the surfaces
are positioned a cylinder and a wedge-
shaped block, whereas they are resting
one against the other and one of the
block’s sides is horizontal. The masses are,
respectively, m and M. What accelerations
will the cylinder and the block move with?
Find the reaction force between them.

PROB 64. Three little cylinders are con-
nected with weightless rods, where there
is a hinge near the middle cylinder, so that

the angle between the rods can change
freely. Initially this angle is a right angle.
Two of the cylinders have mass m, another
one at the side has the mass 4m. Find
the acceleration of the heavier cylinder im-
mediately after the motion begins. Ignore
friction.
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PROB 65. A slippery rod is positioned
at an angle α with respect to the horizon.
A little ring of mass m can slide along the
rod, to which a long thread is attached. A
small sphere of size M is attached to the
thread. Initially the ring is held motion-
less, and the thread hangs vertically. Then
the ring is released. What is the accelera-
tion of the sphere immediately after that?

m

M

PROB 66. A block begins sliding at the
uppermost point of a spherical surface.
Find the height at which it will lose con-
tact with the surface. The sphere is held in
place and its radius is R; there is no fric-
tion.

PROB 67. The length of a weightless rod
is 2l. A small sphere of mass m is fixed at
a distance x = l from its upper end. The
rod rests with its one end against the wall
and the other against the floor. The end
that rests on the floor is being moved with
a constant velocity v away from the wall.
a) Find the force with which the sphere
affects the rod at the moment, when the
angle between the wall and the rod is α =
45◦ ; (b) what is the answer if x ̸= l?
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PROB 68. A light rod with length l is
connected to the horizontal surface with
a hinge; a small sphere of mass m is con-
nected to the end of the rod. Initially the
rod is vertical and the sphere rests against
the block of mass M. The system is left
to freely move and after a certain time
the block loses contact with the surface of
the block — at the moment when the rod
forms an angle α = π/6 with the hori-
zontal. Find the ratio of masses M/m and
the velocity u of the block at the moment
of separation.
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PROB 69. At a distance l from the edge
of the table lies a block that is connected
with a thread to another exact same block.
The length of the thread is 2l and it is
extended around the pulley sitting at the
edge of the table. The other block is held
above the table such that the string is un-
der tension. Then the second block is re-
leased. What happens first: does the first
block reach the pulley or does the second
one hit the table?

l l

PROB 70. A cylindrical ice hockey puck
with a uniform thickness and density is
given an angular velocity ω and a transla-
tional velocity u. What trajectory will the
puck follow if the ice is equally slippery
everywhere? In which case will it slide
farther: when ω = 0 or when ω ̸= 0, as-
suming that in both cases u is the same?

PROB 71. A little sphere of mass M
hangs at the end of a very long thread;
to that sphere is, with a weightless rod,
attached another little sphere of mass m.
The length of the rod is l. Initially the
system is in equilibrium. What horizontal
velocity needs to be given to the bottom
sphere for it to ascend the same height
with the upper sphere? The sizes of the
spheres are negligible compared to the
length of the rod.

M
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PROB 72. A block of mass m lies on a
slippery horizontal surface. On top of it
lies another block of mass m, and on top of
that — another block of mass m. A thread
that connects the first and the third block
has been extended around a weightless
pulley. The threads are horizontal and the
pulley is being pulled by a force F. What is
the acceleration of the second block? The
coefficient of friction between the blocks is
µ.

F
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PROB 73. A boy with mass m wants
to push another boy standing on the ice,
whose mass M is bigger that his own. To
that end, he speeds up, runs toward the



3. (20 points) A uniform rod with mass M and length 𝑙 is sliding on ice surface while 
rotating. The velocity of the rod’s center of mass is v, its angular velocity is w. At the 
moment when the rod is perpendicular to the velocity of its center of mass, the rod hits a 
stationary puck with mass m located at the origin O. The rod is straight and its mass 
density is uniform. 

 
a) Find the resultant velocity of the rod at point P which is at distance x from the 

origin. 
b) Find the total angular momentum of the system with respect to the origin before 

the collision. (Hint: The moment of inertia of a rod of length 𝑙 at the center of 
mass is 𝐼 = =

=2
𝑚𝑙2.) 

c) Find the ratio of 𝜔/𝑣 in terms of 𝑙 if the rod stays at rest while the puck slides 
away after the collision. 

d) Find the ratio of the masses M/m in the situation. The collisions are perfectly 
elastic. 
  

 
 
a) Combining the rotational and the translational motion, the resultant velocity is 

𝑣O = 𝑣 +
𝑙
2 − 𝑥 𝜔 

b) With respect to the point of impact, the angular momentum is conversed and is 
equal to zero if the rod stays in place.  

The angular momentum before the collision, 

𝐿 = 𝜆 𝑣 +
𝑙
2 − 𝑥 𝜔 𝑥𝑑𝑥

T

U
=
𝑀𝑣𝑙
2 −

𝑀𝑙2

12 𝜔 

c) After the collision, the angular momentum is zero. Hence we have 𝜔 = 6𝑣/𝑙 
 
d) From the conservation of energy and momentum, 

𝑀𝑣 = 𝑚𝑉 
1
2𝑀𝑣

2 +
1
2 𝐼𝜔

2 =
1
2𝑚𝑉
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eliminating v and V, we get. M/m=4 

other boy and pushed him for as long as
they can stand up. What is the maximal
distance by which it is possible to push in
this fashion? The maximal velocity of a
run is v, the coefficient of friction between
both boys and the ice is µ.

PROB 74. A uniform rod with length l is
attached with a weightless thread (whose
length is also l) to the ceiling at point A.
The bottom end of the rod rests on the
slippery floor at point B, which is exactly
below point A. The length of AB is H,
l < H < 2l. The rod begins to slide from
rest; find the maximal acceleration of its
centre during subsequent motion.

l
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H
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PROB 75. A stick with uniform density
rests with one end against the ground and
with the other against the wall. Initially it
was vertical and began sliding from rest
such that all of the subsequent motion
takes place in a plane that is perpendicu-
lar to the intersection line of the floor and
the wall. What was the angle between the
stick and the wall at the moment when the
stick lost contact with the wall? Ignore
friction.

PROB 76. A log with mass M is sliding
along the ice while rotating. The velocity
of the log’s centre of mass is v, its angu-
lar velocity is ω. At the moment when
the log is perpendicular to the velocity of
its centre of mass, the log hits a station-
ery puck with mass m. For which ratio
of the masses M/m is the situation, where
the log stays in place while the puck slides
away, possible? The collisions are per-
fectly elastic. The log is straight and its

linear density is constant.

v
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PROB 77. A ball falls down from height
h, initially the ball’s horizontal velocity
was v0 and it wasn’t rotating. a) Find the
velocity and the angular velocity of the
ball after the following collision against
the floor: the ball’s deformation against
the floor was absolutely elastic, yet there
was friction at the contact surface such
that the part of the ball that was in con-
tact with the floor stopped. b) Answer
the same question with the assumption
that the velocities of the surfaces in contact
never homogenized and that throughout
the collision there was friction with coeffi-
cient µ.

PROB 78. A ball is rolling down an in-
clined plane. Find the ball’s acceleration.
The plane is inclined at an angle α, the
coefficient of friction between the ball and
the plane is µ.

PROB 79. A hoop of mass M and radius
r stands on a slippery horizontal surface.
There is a thin slippery tunnel inside the
hoop, along which a tiny block of mass
m can slide. Initially all the bodies are at
rest and the block is at the hoop’s upper-
most point. Find the velocity and the ac-
celeration of the hoop’s central point at the
moment when the angle between the ima-
ginary line connecting the hoop’s central
point and the block’s position and the ver-
tical is ϕ.

ϕ

O

A

r

PROB 80. A block with mass m = 10 g is
put on a board that has been made such
that, when sliding to the left, the coef-
ficient of friction µ1 = 0,3, while when
sliding to the right it is µ2 = 0,5. The
board is repeatedly moved left-right ac-
cording to the graph v(t) (see fig.). The
graph is periodic with period T = 0,01 s;
the velocity v of the board is considered

tTT/2

v

1 m/s

positive when directed to the right. Using
the graph, find the average velocity that
the block will move with.

PROB 81. A water turbine consists of
a large number of paddles that could be
considered as light flat boards with length
l, that are at one end attached to a rotat-
ing axis. The paddles’ free ends are po-
sitioned on the surface of an imaginary
cylinder that is coaxial with the turbine’s
axis. A stream of water with velocity v
and flow rate µ (kg/s) is directed on the
turbine such that it only hits the edges of
the paddles. Find the maximum possible
usable power that could be extracted with
such a turbine.

v

l

µ

PROB 82. A flat board is inclined at an
angle α to the vertical. One of its ends is in
the water, the other one is outside the wa-
ter. The board is moving with velocity v
with respect to its normal. What is the ve-
locity of the water stream directed up the
board?

v

u

PROB 83. A motor-driven wagon is used
to transport a load horizontally by a dis-
tance L. The load is attached to the side of
the wagon by a cable of length l. Half of
the time the wagon is uniformly acceler-
ated, the other half — uniformly deceler-
ated. Find the values of the acceleration a
such that, upon reaching the destination,
the load will be hanging down motion-
lessly. You can assume that a ≪ g.

PROB 84. A shockwave could be con-
sidered as a discontinuous jump of the air
pressure from value p0 to p1, propagat-
ing with speed cs. Find the speed which
will be obtained, when influenced by the
shockwave, (a) a wedge-shaped block: a
prism whose height is c, whose base is a
right triangle with legs a and b and which
is made out of material with density ρ; b)
an body of an arbitrary shape with volume
V and density ρ.
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4. (10 points) If a man blowing a whistle of frequency 500 Hz moves away from a 
stationary observer towards a fixed wall, in a direction perpendicular to the wall at 
2.00m/s, determine the beat frequency heard by the stationary observer if the speed of 
sound in air is c=330m/s.  

 
 
The Doppler effect is 

𝑓Y =
𝑣

𝑣 + 𝑣Z
𝑓Z 

where fS=500Hz. 
 
As the source is moving away from the observer, vS=2m/s 

𝑓Y= =
330
332 ×500 

 
The reflected wave is as the source is moving towards the observer, vS=-2m/s 

𝑓Y2 =
330
328 ×500 

 
The beat frequency is 6Hz 
 



5. (30 points) A cylinder with a piston contains 0.25 mol of oxygen at 2.4×10_Pa and 
335K initially at point A in the figure below. The oxygen may be treated as a diatomic 
ideal gas with 𝛾 = 1.4. The gas first expands isothermally (constant temperature) to 
point B with 2 times the original volume. It is then cooled at constant volume to point 
C, and finally it is compressed adiabatically to its original volume and pressure. (The 
universal gas constant 𝑅 = 8.314J/mol.K) 
 
a) Compute pressure PB after the isothermal expansion at B. 
b) Calculate the change in the internal energy, the work done and the heat absorbed 

by the gas during the isothermal expansion A®B. 
c) Compute the pressure PC and temperature TC at C so that the gas can be 

compressed adiabatically to its original volume and pressure at A. 
d) Compute the change in the internal energy, the work done and the heat absorbed 

by the gas during the cooling process B®C. 
e) Compute the change in the internal energy, the work done and the heat absorbed 

by the gas during the adiabatic compression C®A. 
f) What is the efficiency of this heat engine? 

 

 
 
 
 
Solution: 
a) During the isothermal expansion, PV=nRT=const, P2=P1/2=1.2×10_Pa. 
 
b) Since the internal energy of an ideal gas depends solely on temperature, the change of 
internal energy is zero during isothermal expansion. 
The work done by the gas 

 
From the first law, heat absorbed by the gas Q=W=482.6J 
 
c) During the adiabatic compression, we have 𝑃𝑉c=const and 𝑇𝑉ce==const. 
So 𝑃? = 0.909×10_Pa and 𝑇? = 253.9𝐾. 
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W1!2 =

Z 2V

V
pdV = nRT

Z 2V

V

dV

V
= nRT1 ln 2 = 482.6J



 
d) During the cooling, work done is zero. 
𝐶i =

_
2
𝑅 = 20.785J/mol.K 

Heat absorbed 𝑄 = 𝑛𝐶i(𝑇? − 𝑇=)=-421.4J 
And the change in internal energy = -421.4J 
e) During the adiabatic compression, heat absorption is zero. 
After a cycle, the change in the internal energy must be zero. 
Hence, Δ𝑈 = 421.4𝐽 
And the work done by the gas  

𝑊s→t = 𝑄 − Δ𝑈 = 0 − 421.4𝐽 = −421.4𝐽 
 

 
e) Efficiency = (Net work done)/(Heat absorbed) = =(482.6 - 421.4)/482.6 = 12.7% 


