
Tutorial 3
Series expansion 

and Complex numbers



0. Work done along an arbitrary path



Work-Energy theorem
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Question:

How do we evaluate the line integral ׬𝑃1
𝑃2 𝑭 ∙ 𝑑Ԧ𝒍 along a specific path? 



Suppose we can parameterize the trajectory Ԧ𝑟 𝑡 = (𝑥 𝑡 , 𝑦 𝑡 , 𝑧(𝑡))

And the force is given by Ԧ𝐹 Ԧ𝑟 = 𝐹𝑥 Ԧ𝑟 , 𝐹𝑦 Ԧ𝑟 , 𝐹𝑧 Ԧ𝑟



Example Consider the fairground Ferris wheel. We want to find the work done during 
the ascent of the Ferris wheel (mass m). The path is the semicircle from P1 to 
P2.



Exercise:



1. Taylor series and power series



From the sum of a geometric series, we know

when -1<x<1.

We now consider this result from a different point of view.
Assume x is small (i.e. |x|<<1 ), we approximate a function f(x) by a series,



Now, we investigate functions f(x) which can be expressed as infinite power series 

(In particular, when x is small, we may truncate the series up to the 2 second or third 
terms and get a good approximation) 

Application in physics:
1. Evaluation
2. Approximation
3. Term-by-term integration



Taylor’s series

Suppose a function f(x) can be expressed as

with some coefficients 𝑎0, 𝑎1, 𝑎2…….
We want to determine the values of these coefficients



Trick

1. We notice that

2. Next, we take the derivative on both sides 

And substitute x=0 in the equation



3. We take another derivative on both sides 

And substitute x=0 in the equation

4. Similarly, we take n derivatives on both sides 

And substitute x=0 in the equation



Taylor’s (Maclaurin’s) series

The expansion of a function f(x) expressed in a power series is given by

In general, we can generalize the argument and obtain the general Taylor’s series

We say we expand the function by a Taylor’s series with respect to the point x0



Example:



Example:



Example:



Example:



Exercise:

with respect to 𝑥 = 0 and 𝑥 =
𝜋

4
respectively

And approximate tan 44°



Application



Application



Application



Exercise:



Exercise:

Find the solution of sin 𝑥 = 𝑥 using the Taylor’s series



2. Euler number e 
and natural logarithm



Mathematically, there are many different ways to 
define the Euler number e
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e in Calculus I
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e in Calculus II

Notation: loge = ln  is called natural logarithm



Exercise: Take the derivative of the following functions

Find the Taylor’s series expansion of 𝑒𝑥 for small x

Find the Taylor’s series expansion of ln 𝑥 when x closes to 1



3. Complex number

What is -1?



Definition i = j = −1

Is called the imaginary number such that 

𝑖2 = −1 × −1 = −1

For other number, for example,  −5 = 5 × −1= 5𝑖



Real number: 0,1,0.3,p,e, 2,.......

Imaginary number:i, 2i,ei,pi,.....

We define the symbol i such that i´ i=i2 = -1

Complex number z=x+iy    (x and y are two arbitary real numbers)

Real part: Re(z)=x

Imaginary part:Im(z)=y

Re

Im

z=x+iy

Complex plane



Example:
Two complex number:
z1=1+i
z2=2+3i
Then

z1 + z2 = 3+ 4i

2z1 = 2+2i

iz2 = 2i+3i2 = -3+ 2i

z1 ´ z2 = (1+ i)(2+3i) = 2+3i+2i+3i2 = -1+ 5i

z2

z1
=

2+3i

1+ i
=

(2+3i)(1- i)

(1+ i)(1- i)
=

2-2i+3i-3i2

2
=

5+ i

2



Re

Im

z=x+iy

Complex plane

J

Notation:

z=x+iy

Complex conjugate z=x-iy

absolute value (or modulus or magnitude) of a complex number: r= z º x2 + y2

argument of z: J=arg(z) º arctan(
y

x
) 

z = r cosJ + isinJ( )

r2 = x2 + y2 = zz



Euler’s formula

For any real number x, eix = cosx+ isin x

In particular, eip +1= 0

One of the most beautiful identity in mathematics. Relating 5 
fundamental numbers (e,i,π,0,1) in a single formula.



Example:

ei(a+b) = cos(a+ b)+ isin(a+b)

ei(a+b) = eiaeib = cosa+ isina( ) cosb+ isinb( )

        = cosacosb- sinasinb( )+ i cosasinb+ sinacosb( )

Þ cos(a+b)=cosacosb- sinasinb

Þ sin(a+ b) = cosasinb+ sinacosb

d

dx
eix = ieix = -sin x+ icos x

d

dx
cos x + isin x( ) = -sin x+ icos x

d2

dx2
eicx = -c2eix



Root of a complex number



Example: Calculate all the roots of 

Since for any integer k, we have



Hyperbolic function:



Exercise:
1. Compute 𝑖8 and (−𝑖)3

2. Evaluate 𝑎 − 𝑏 × 𝑏 − 𝑎
3. Evaluate the roots of the quadratic equation 𝑥2 + 𝑥 + 1 = 0



Exercise: (HKPhO2017)
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(c) Tension in each web bundle is 

   T = kx = (126.56)(894.44) = 113.20 × 103 = 113× 103  N.   (3 sig. fig.)  

2. A Round Snooker Table 

A smooth snooker ball S is struck from point O of a specially-
designed circular snooker table. The ball then moves off 

horizontally in a direction making an angle  ϕ  with the radius 

CO. The ball makes m impacts with the smooth vertical wall of 

the table before returning to point O. If     m = 1,  ϕ = 0.  The 

coefficient of restitution between the ball and the wall is e. 

(a) If m = 2, find  ϕ  in terms of positive exponents of e.  

(b) If m = 3, find  ϕ  in terms of positive exponents of e. 

(a) m = 2: 

From conservation of linear momentum, 1
st
 impact: 

    
v

1
sinϕ

1
= v sinϕ .   

From Newton’s law of impact, 1
st
 impact: 

    
v

1
cosϕ

1
= ev cosϕ . 

Thus 
    
tanϕ

1
= e−1 tanϕ .  

Similarly for 2
nd

 impact: 
    
tanϕ

2
= e−1 tanϕ

1
= e−2 tanϕ .   

From geometry, 
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2
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− ϕ = tan−1 1
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Coefficient of restitution =

e = 1 for elastic collision
e = 0 for perfectly inelastic 

Relative velocity after collision
Relative velocity before collision
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As in (a), from conservation of linear momentum and Newton’s law of impact, 3
rd

 impact: 

    
tanϕ

3
= e−3 tanϕ.  

From geometry, 
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e−3 +e−4 +e−5 +e−6
= e3

⇒ ϕ = tan−1e3/2.
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(b) m=3


