
Coupled oscillators



Example:



The equation of motion are:

Coupled 2nd Differential equations!!



Consider two simultaneous equations

where A,B,C,D are constants. We want to find the solutions (x,y) which satisfy two equations simultaneous.
From eqtn. 1 and 2, we have

For the solution which satisfy two equations, it requires

It means that if 𝐴𝐷 − 𝐵𝐶 ≠ 0, we can’t find a solution which satisfies two equations simultaneous (except x=y=0).





How to specify the values of 4 constants?



N-coupled oscillators

All the masses and the elastic spring are identical
Equation of motion (EOM):  (𝜔2 = 𝑘/𝑚)

N coupled 2nd linear homogeneous differential equations



Guess: 𝑎, 𝜙, Ω are 3 undetermined constants

EOM implies:

Simplify:

OR

1

2

3 We can obtain N different values of Ω𝑛

boundary conditions



The general solution of the oscillators are:

where

There are 2N undetermined constants 𝑎𝑛, 𝛼𝑛 !!
Fit by the 2N initial conditions (position and velocity) of N oscillators!!

Normal mode



Normal modes for 50 coupled oscillators (N=50)



Some exercises in mechanics



Problem 1
A sprinter running a 100 meter race starts at rest, accelerates at constant 
acceleration with magnitude A for 2 seconds, and then runs at constant speed until 
the end.

a) Find the position (relative to the start position) and speed of the runner at the 
end of the 2 second in terms of A.

b) Assume that the runner takes a total of 10 seconds to run the 100 meters. Find 
the value of the acceleration A.
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 14.99. IDENTIFY:   The object oscillates as a physical pendulum, with 
1

,
2

mgd
f

Ip
=  where m is the total mass 

of the object. 

SET UP:   The moment of inertia about the pivot is 2 22(1/3) (2/3) ,ML ML=   and the center of gravity when 

balanced is a distance /(2 2)d L= below the pivot. 

EXECUTE:   The frequency is 
1 1 6 1 6

.
2 44 2 2

g g
f

T L Lp p
= = =  

EVALUATE:   If sp

1

2

g
f

Lp
=  is the frequency for a simple pendulum of length L, 

sp sp

1 6
1 03 .

2 2
f f f= = .  

14.100. IDENTIFY:   The angular frequency is given by Eq. (14.38). Use the parallel-axis theorem to calculate I 

in terms of x. 

(a) SET UP:    
 

 

Figure 14.100   
 

,d x=  the distance from the cg of the object (which is at its geometrical center) to the pivot 

EXECUTE:   I is the moment of inertia about the axis of rotation through O. By the parallel axis theorem 

2
0 cm .I md I= + 21

cm 12
I mL=  (Table 9.2), so 2 21

0 12
.I mx mL= +  

2 2 2 21
12

.
/12

mgx gx

mx mL x L
w = =

+ +
 

(b) The maximum w  as x varies occurs when / 0.d dxw =  0
d

dx

w
=  gives 

1/2

2 2 1/2
0.

( /12)

d x
g

dx x L

æ ö
=ç ÷

ç ÷+è ø
 

1/21
1/22

2 2 1/2 2 2 3/2

1 2
( ) 0

2( /12) ( /12)

x x
x

x L x L

-

- =
+ +

 

3/2
1/2

2 2

2
0

/12

x
x

x L

- - =
+

 

2 2 2/12 2x L x+ =  so / 12.x L=  Get maximum ω when the pivot is a distance / 12L  above the center of 

the rod. 

(c) To answer this question we need an expression for max:w  

In 
2 2 /12

gx

x L
w =

+
 substitute / 12.x L=  

1/2 1/4
1/4 1/2 1/4

max 2 2 1/2

( / 12) (12)
/ (12) (6) / (3)

/12 /12 ( /6)

g L g
g L g L

L L L
w

-
-= = = =

+
 

2
max ( / ) 3g Lw =  and 2

max3/L g w=  

max 2  rad/sw p=  gives 
2

2

(9 80 m/s ) 3
0 430 m.

(2  rad/s)
L

p

.
= = .  
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EXECUTE:   The initial angular momentum is 1 1,I mRvw -  with the minus sign indicating that runner’s 

motion is opposite the motion of the part of the turntable under his feet. The final angular momentum is 

2

2( ),  soI mRw +  1 1
2 2

I mRv

I mR

w
w

-
=

+
. 

2

2 2 2

(80 kg m )(0.200 rad/s) (55.0 kg)(3.00 m)(2.8 m/s)
0.776 rad/s.

(80 kg m ) (55.0 kg)(3.00 m)
w

× -
= = -

× +
 

EVALUATE:   The minus sign indicates that the turntable has reversed its direction of motion. This 

happened because the man had the larger magnitude of angular momentum initially. 

10.99.  IDENTIFY:   Follow the method outlined in the hint. 

SET UP:   cm.J m v= D  cm( ).L J x xD = -  

EXECUTE:   The velocity of the center of mass will change by cm /v J mD =  and the angular velocity will change 

by cm( )
.

J x x

I
w

-
D =  The change in velocity of the end of the bat will then be end cm cmv v xwD = D - D =  

cm cm
( )J J x x x

m I

-
- ×  Setting end 0vD =  allows cancellation of J cm cmand gives ( ) , I x x x m= - which when 

solved for x is 
2 2

cm

cm

(5.30 10 kg m )
(0.600 m) 0.710 m.

(0.600 m)(0.800 kg)

I
x x

x m

-´ ×
= + = + =  

EVALUATE:   The center of percussion is farther from the handle than the center of mass. 

10.100. IDENTIFY:   Apply conservation of energy to the motion of the ball. 

SET UP:   In relating 
21
cm2

mv  and 
21

2
,Iw  instead of cmv Rw=  use the relation derived in part (a). 22

5
.I mR=  

EXECUTE:   (a) Consider the sketch in Figure 10.100. 

The distance from the center of the ball to the midpoint of the line joining the points where the ball is in 

contact with the rails is 2 2( /2) ,R d-  2 2
cmso /4 .v R dw= -   When 0,d =  this reduces to cm ,v Rw=  

the same as rolling on a flat surface. When 2 ,d R=  the rolling radius approaches zero, and 

cm 0 for any .v w®  

(b) 

2
2

2 2 2 2 cm cm
cm 2 22 2

1 1 1 2
(2/5) 5

2 2 2 10 (1 /4 )( /4)

v mv
K mv I mv mR

d RR d
w

é ùæ ö é ùê úç ÷= + = + = +ê úê úç ÷ -ê ú- ë ûê úè øë û

 

Setting this equal to mgh  and solving for cmv  gives the desired result. 

(c) The denominator in the square root in the expression for cmv  is larger than for the case cm0, so d v=  

is smaller. For a given speed, w  is larger than in the 0d =  case, so a larger fraction of the kinetic energy 

is rotational, and the translational kinetic energy, and hence cm ,v  is smaller. 

(d) Setting the expression in part (b) equal to 0.95 of that of the 0d =  case and solving for the ratio /d R  

gives / 1 05.d R = .  Setting the ratio equal to 0.995 gives / 0 37.d R = .  

EVALUATE:   If we set 0d =  in the expression in part (b), cm

10
,

7

gh
v =  the same as for a sphere rolling 

down a ramp. When 2 ,d R®  the expression gives cm 0,v =  as it should. 
 

 

Figure 10.100 
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EXECUTE:   The initial angular momentum is 1 1,I mRvw -  with the minus sign indicating that runner’s 

motion is opposite the motion of the part of the turntable under his feet. The final angular momentum is 

2

2( ),  soI mRw +  1 1
2 2

I mRv

I mR

w
w

-
=

+
. 

2

2 2 2

(80 kg m )(0.200 rad/s) (55.0 kg)(3.00 m)(2.8 m/s)
0.776 rad/s.

(80 kg m ) (55.0 kg)(3.00 m)
w

× -
= = -

× +
 

EVALUATE:   The minus sign indicates that the turntable has reversed its direction of motion. This 

happened because the man had the larger magnitude of angular momentum initially. 

10.99.  IDENTIFY:   Follow the method outlined in the hint. 

SET UP:   cm.J m v= D  cm( ).L J x xD = -  

EXECUTE:   The velocity of the center of mass will change by cm /v J mD =  and the angular velocity will change 

by cm( )
.

J x x

I
w

-
D =  The change in velocity of the end of the bat will then be end cm cmv v xwD = D - D =  

cm cm( )J J x x x

m I

-
- ×  Setting end 0vD =  allows cancellation of J cm cmand gives ( ) , I x x x m= - which when 

solved for x is 
2 2

cm

cm

(5.30 10 kg m )
(0.600 m) 0.710 m.

(0.600 m)(0.800 kg)

I
x x

x m

-´ ×
= + = + =  

EVALUATE:   The center of percussion is farther from the handle than the center of mass. 

10.100. IDENTIFY:   Apply conservation of energy to the motion of the ball. 

SET UP:   In relating 
21
cm2

mv  and 
21

2
,Iw  instead of cmv Rw=  use the relation derived in part (a). 22

5
.I mR=  

EXECUTE:   (a) Consider the sketch in Figure 10.100. 

The distance from the center of the ball to the midpoint of the line joining the points where the ball is in 

contact with the rails is 2 2( /2) ,R d-  2 2
cmso /4 .v R dw= -   When 0,d =  this reduces to cm ,v Rw=  

the same as rolling on a flat surface. When 2 ,d R=  the rolling radius approaches zero, and 

cm 0 for any .v w®  

(b) 

2
2

2 2 2 2 cm cm
cm 2 22 2

1 1 1 2
(2/5) 5

2 2 2 10 (1 /4 )( /4)

v mv
K mv I mv mR

d RR d
w

é ùæ ö é ùê úç ÷= + = + = +ê úê úç ÷ -ê ú- ë ûê úè øë û

 

Setting this equal to mgh  and solving for cmv  gives the desired result. 

(c) The denominator in the square root in the expression for cmv  is larger than for the case cm0, so d v=  

is smaller. For a given speed, w  is larger than in the 0d =  case, so a larger fraction of the kinetic energy 

is rotational, and the translational kinetic energy, and hence cm ,v  is smaller. 

(d) Setting the expression in part (b) equal to 0.95 of that of the 0d =  case and solving for the ratio /d R  

gives / 1 05.d R = .  Setting the ratio equal to 0.995 gives / 0 37.d R = .  

EVALUATE:   If we set 0d =  in the expression in part (b), cm

10
,

7

gh
v =  the same as for a sphere rolling 

down a ramp. When 2 ,d R®  the expression gives cm 0,v =  as it should. 
 

 

Figure 10.100 
 

























Gravitation   13-27 

© Copyright 2012 Pearson Education, Inc. All rights reserved. This material is protected under all copyright laws as they currently exist. 

No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher. 

22 24
11 2 2

g 6 2

(9 4 10  kg 2 1 10  kg)(10 0 kg)
(6 67 10  N m /kg ) 110 N.

(3 6 10  m)
F - . ´ + . ´ .

= . ´ × =
. ´

 

(c) Only the inner core contributes to the force and 

22
11 2 2

g 6 2

(9 4 10  kg)(10 0 kg)
(6 67 10  N m /kg ) 44 N.

(1 2 10  m)
F - . ´ .

= . ´ × =
. ´

 

(d) At 0,r =  g 0.F =  

EVALUATE:   In this model the earth is spherically symmetric but not uniform, so the result of Example 

13.10 doesn’t apply. In particular, the force at the surface of the outer core is greater than the force at the 

surface of the earth. 

 13.69. IDENTIFY:   Eq. (13.12) relates orbital period and orbital radius for a circular orbit. 

SET UP:   The mass of the sun is 301 99 10  kg.M = . ´  

EXECUTE:   (a) The period of the asteroid is 
3/ 2

112
Inserting (i) 3 10  m

a
T

GM

p
= . ´  for a gives 

112 84 y and (ii) 5 10  m. ´  gives a period of 6.11 y. 

(b) If the period is 115 93 y, then 4 90 10 m.a.  = . ´  

(c) This happens because 0 4 2/5,. =  another ratio of integers. So once every 5 orbits of the asteroid and 2 

orbits of Jupiter, the asteroid is at its perijove distance. Solving when 114 74 , 4 22 10  m.T y a= .  = . ´  

EVALUATE:   The orbit radius for Jupiter is 117 78 10  m. ´  and for Mars it is 112 28 10  m.. ´  The asteroid 

belt lies between Mars and Jupiter. The mass of Jupiter is about 3000 times that of Mars, so the effect of 

Jupiter on the asteroids is much larger. 

 13.70. IDENTIFY:   Apply the work-energy relation in the form ,W E= D  where .E K U= +  The speed v is related 

to the orbit radius by Eq. (13.10). 

SET UP:   
24

E 5 97 10  kgm = . ´  

EXECUTE:   (a) In moving to a lower orbit by whatever means, gravity does positive work, and so the 

speed does increase. 

(b) 1/2 1/2
E( ) ,v Gm r-=  so 1/2 3/2 E

E 3
( ) .

2 2

r r Gm
v Gm r

r

--D Dæ ö æ ö
D = - =ç ÷ ç ÷

è ø è ø
 Note that a positive rD  is given as 

a decrease in radius. Similarly, the kinetic energy is 2
E(1/2) (1/2) / ,K mv Gm m r= =  and so 

2
E(1/2)( / )K Gm m r rD = D and 2

E( / ) .U Gm m r rD = - D  

2
E /2W U K Gm m r r= D + D = -  D( )  

(c) 3
E/ 7 72 10  m/s,v Gm r= = . ´  3

E( /2) / 28 9 m/s,v r Gm rD = D = .  10
E /2 8 95 10 JE Gm m r= - = - . ´  

(from Eq. (13.15)), 
2 8

E( /2 )( ) 6 70 10 J,K Gm m r rD = D = . ´  
9

2 1 34 10 J,U KD = - D = - . ´  and 

86 70 10 J.W K= -D = - . ´  

(d) As the term “burns up” suggests, the energy is converted to heat or is dissipated in the collisions of the 

debris with the ground. 

EVALUATE:   When r decreases, K increases and U decreases (becomes more negative). 

 13.71. IDENTIFY:   Use Eq. (13.2) to calculate g.F  Apply Newton’s second law to circular motion of each star to 

find the orbital speed and period. Apply the conservation of energy expression, Eq. (7.13), to calculate the 

energy input (work) required to separate the two stars to infinity. 

(a) SET UP:   The cm is midway between the two stars since they have equal masses. Let R be the orbit 

radius for each star, as sketched in Figure 13.71. 
 




