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F RN ST 7T e P )
Part-1 (Total 6 Problems) #-1 (Jt6 /i)
(9:00 am — 12:00 pm, 6 February, 2014)

1. Sunset Twice a Day (6 points) — KB H%E (64)

Presently the tallest tower in the world is Burj Khalifa in Dubai. Its height is 828 m. An Internet
news article reported that one can watch sunset twice in one day with this tower.

HFER R RNEE RN F b m s, =Ry 828 oK. HIKM LA ¥ w5, AR
KIEE— RN IOWE B H %

(a) What is the time range of sunset between the bottom and the top of the tower? Give your
answer in minutes. Parameters: Earth’s radius = 6400 km. Distance between Sun and Earth =
1.5 x 10" m. (3 points)

TR RIS T 6] H YIS (R S . BRI AL, S5 HhERER = 6400 ~H
KBEANMER 2 A BE R = 1.5 x 107 K. (3 43)

(b) Burj Khalifa also has the world’s third fastest elevator (lift) with a speed of v = 10 m/s.
Immediately before the elevator starts moving upwards at the speed v from the bottom of the
tower, a tourist in the elevator views the sunset. When he reaches the observatory at the
height of 452 m, he found that the Sun has risen. Calculate the inclination angle of the Sun
above the horizon. Give your answer in degrees. (3 points)

S HUR A S =P p i, Sl RTIA v =10 m/s. A RN IER, 1EHRE IS IETT
g EART—BEERIH, HEHLURE v B HhBEAE 452 KSR s G, K
KBHETHT o T EORIAE P2 L BRI . B RGN BAL. (3 40)

2. Radiocarbon Dating (5 points) BSHEBERN EEE (54

Radiocarbon dating is a technique used in archeology to estimate the age of organic materials,
such as wood and leather. It uses the fact that the density of *C atoms in the atmosphere is
constantly around 1.3 atoms of **C in every 10" atoms of all isotopes of carbon. However, when
an organism dies, **C cannot be replenished and decreases due to 3 decay with a half-life of 5730
years. The radioactive decay can be written in the following form:

TR VB A B I 8 VA e 2 o B R RAETEA LR (AR IR 2 AF IR IR . e IR Y, 72
T UC HETAERS, WEEELATE 10°BBRE T (BIFFERCR A 1.3 4 “C K 1.
E, EWTIE, MC REBERHNE, R AL, FWy 5730 4. XA
AAE LR IE R

14 14 - —
sC>UN +e +v,

(a) Suppose we obtain 50 grams of carbon from a piece of wood dated back to a prehistoric tomb.
Using the carbon average atomic mass of 2 x 10 kg, calculate the number Ny of **C atoms
when the wood was still part of a living tree. (1 point)

RTINS B T B2 — B S35 50 wfk. DA TR TRERN 2 x 102 T35, kit
FARMARER 20, YCIRTII%HE Noo  (14)
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(b) We can determine the age of the tomb if we know the number N of *C atoms from the 50
grams of carbon. There is no way to directly count the number of **C atoms, but we detect a
total of 935 electrons emitted from the 50 grams of carbon in 10 minutes. How old is the
tomb? (3 points)

FAEE R MR, BT EMIEZ 50 seikh MC TR No BATEREELE YC R
THEH, HRATKI 50 wikE 10 78 gus 73t 935 ki 1. WEMFEREZZ D7 (3
73)

(c) An archaeologist claims that he/she discovered a fossil plant with an age of 2 x 10° years
using the method of radiocarbon dating. A scientist says that this result is nonsense. Which
side will you stand on? Please explain your reasons. (1 point)

WK AERR, A/ R RO PR i, R 2 x 10° fRifb A . SR
FHRYL, REERRTELRK RN ITEEB? ERRIRM B . (14)

3. Viscosity (7 points) k& (7 4)

When uneven forces are applied to a fluid, the flow velocities at different locations will be
different. For viscous fluids, frictional forces will be present when two adjacent layers of fluids
flow at different velocities. As shown in the figure, the viscosity u of the fluid is defined by the
equation:

YA R B AR, RN E AL B R AN TR, A SR R R A
AAFELEZ R BN, B IE AR . W T BN, AR b 20E -

du
F =-u—AA,

dy

where F is the frictional force experienced by the fluid at an interface of area AA in the x
direction, u is the x component of the velocity and du/dy is the velocity gradient. In this problem,
we will analyze the viscosity using the kinetic theory of gases.

HAPFRATEXTT A THAUNAAR) U By, w7 s, duldy &R . 753X i)
A, AT LR IS B 8 73 i A4 AR 2

Ya
> U

—

frictional force E; ——————— interface
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Let 7 be the average time between successive collisions of a gas molecule with other molecules.
Molecule i moves with velocity v, in random directions, and the average velocity at height y is
u(y) .

W TN ARG 5 HAh gy el 2 (R S4 B] o o FiLLEFE v VRBENLTT [Mis3), Ty
P A (y) e
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(a) Suppose the interface is at a height y. What is the average x component of the momentum at
height y + Ay? (1 point)
o =2 Ay, Ry + AyRIahE, HPsixnraEszb? (159)

(b) An incident molecule arrives at height y. The y component of its velocity is vy. What is Ay of
the height where the molecule experiences the collision last time? (1 point)
— TGRSRy LEER R vy, T LGB RIRE R E R Ay R A7 (14D

(c) Compared with the average x component of the momentum of the gas molecules at the
interface, what is the average extra x-momentum carried by the incident molecules of a given
vy When it arrives at height y? (1 point)

B EWIAG 73 7 2K S Ry, SR -3 & A 4 (5 A B SRgr TEhE )
P X EAHED 7 (15

(d) The gas contains n molecules per unit volume. What is the rate of x-momentum transfer
through an area AA? Hence find an approximate expression for the viscosity of the fluid
according to the kinetic theory of gases. How does the viscosity depend on temperature? (4
points)

SAEBRARR S AR T B ARAARIX-Bh &, R A7 MR Rz #ie, |
IHE S VAR Ak K. M SEEAMER? 49)

4. Age of the Universe (10 points) 4R (10 20

Hubble discovered that the velocities v of galaxies receding from Earth are proportional to their
distance d from Earth,
WS IR FoE B BRI v SRR & d kL,

v=H_d,

0

where Hyp is the Hubble constant at the present age of the universe. It was recently measured to
be 68 km/s/Mpc.

Hrp Ho 58 HATHYS 2N B 4T - /Tl 68 km/s/Mpc

(a) Assuming that the universe expanded from the beginning to the present at a uniform speed,
estimate the age of the universe. Give your answer in billion years. Parameters: 1 Mpc = 3.26
x 10° light years, speed of light = 300,000 km/s. (2 points)
% T i MR B IAE DL SRR K, U Th i . 25 LA billion years (1245)
JyHifr. 2% 1 Mpe = 3.26 x 10°)64F, i = 300,000 km/s. (2 43)

(b) However, the universe does not expand at a speed uniform in time due to the gravitational

attraction of matter. Friedmann modeled the universe as an expanding sphere of matter with
uniform density p(t) at time t. Consider a test mass m on the surface of the sphere of radius
r(t) at time t. The total energy of the test mass is mU. Find the relation between the expansion
velocity v(t) and radius r(t) at time t based on Newtonian mechanics. You may use G to
represent the universal gravitational constant. (1 point)
B2, TR ES N, FHKKERERN R LA, I RS AT A —
TEMC X S0 B Bk A, FER TA) € 25 B p(t) o 5 REAERTIA] tIN, ZEPAR0N r(t) R BRIAR I |
A AR me WA ERERERE N mU. MRG0 5, R IBER A t K ZIKIE R vt
FAEr() 2B R RATH GARE A S IEE. (17
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(c) Recent satellite data shows that U is negligible. In this case, the expansion of the universe is

described by the power-law o [t—J , Where rg and tp are the present values of r(t) and t

fo t

respectively. Find n and to. Express your answer in terms of G and the density o of the
present universe. (4 points)

SR TR R, U LR, T, ?%ﬂ@ﬂﬁéﬂ%ﬂﬁﬁ%ﬁéﬂ{ﬂ Hiik,
rO 0

74
Horp o Al to 70 08 (1) At AGBLE. K n Al to - BRIFLL G Ml MDA Rk, (4
o)

(d) Express the present age of the universe in terms of the present value of the Hubble constant.
Estimate the age of the universe in this Newtonian picture. Give your answer in billion years.
Based on your understanding about current developments in physics research, how is this
result different from the current estimate of the age of the universe? (3 points)

KA B, RiAF o HATER . AW =M R, At F il R . &
ZVE LA billion years (HZ4FE) JyEAfr. HEHE VRO P BEEAT I8 S S O BAR, IR 45 R 5 41
XPFE AR AT A AR ? (370

5. Electrostatic lon Thrusters (12 points) 2 TR (124

Electrostatic ion thrusters are used in spacecraft to control their trajectories in space. Its
operating principle is shown in the following figure.

B PR IR AR T T TR SR E R S A . B AR R E A R P -

C A BON
| |
@ I | o>
P, IS
G= © @ : o> | o>
= EBGB | O : (o 4
| o>, O>

—v—1

Streams of propellant atoms P are injected into the chamber C. The rate of injection is R,
measured in the number of atoms per unit time. The atoms are ionized by bombarding with
electrons shot from electron gun G. The positive ions are accelerated from grid electrode A to
grid electrode B by the accelerating voltage V between them. The neutralizing electrode N emits
electrons to neutralize the ion beam, preventing the spacecraft from gaining a net negative charge.
HEREF R+ P i A= C - BWEREEN R - R BIA Y BAI RN SR F20H . R
ML TG G 5 H A TRl T 2 T MR A B B Z A i sV, AEER T E .
AT N RS R, JEE T AT, BAR LR iy 77 r fir

(a) Calculate the ratio of thrust F and the current | of the ion beam consisting of ions of mass m
and charge ze, where z is a positive integer and e is the electronic charge. Express your
answer inm, V, z and e. (4 points)

BT HRMEBEN my BT ze METHR, Hr oz 2 IEEEL e B THAT. WIHREMES F
HETHRR 2. FEIEUm,V,z Mefik. U
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(b) Calculate the ratio of thrust F and the power W spent in accelerating the ion beam. Express
your answer inm, V, z and e. (2 points)
IR F SMEE R W 2 b, ZRIGUm, V, z flle®ik, (259

(c) To save power in space travel, should one prefer using light or heavy ions? Should one prefer
using ions with single or multiple charges? Should one prefer using low or high accelerating
voltages? (3 points)

NHERTATIEN DI Z, Nz BRI E 17 BOZ Al F B sy & 40 2 sy 2 12
REAZ A AN id i R s i i & 2 (3 40

(d) A 10 kW electrostatic ion thruster using xenon atoms as propellant is designed. The
accelerating voltage is 10 kV. Calculate the exhaust speed of the ions. Give your answer in
km/s. Parameters: ionized xenon carries a single charge, atomic mass of xenon = 131, proton
mass = 1.67 x 10”%" kg, electronic charge e = 1.6 x 10™° C. (1 point)

— 10 KW (i s B HERE RS 10 BT, AT USR] il Ry 10 KV, it
BT R, Z G km/s NEBRAL. S8 B R EAT, WRETRE = 131, i
TIiE=167x10%"kg, HTHHe=16x10"C, (14"

(e) If the neutralizing electrode N of the thruster described in (d) is switched off, calculate the
time taken by the body of the spacecraft to gain a voltage equal to the accelerating voltage; at
that moment the thruster ceases to operate because the ions follow the thruster. Assume that
the spacecraft is spherical and has a radius of 1 m. Parameters: & = 8.854 x 10 F/m. (2
points)

i A (d) A B AR TP AR N B oGP, Bt TR A8 S A b ) L e AR 48 5 0ok F R A
SEPTER BRE] AEI—ZI KO B T ANRE R T HEHE RS, K B ST 3R E . AR BOTTR &
REBM, LR 1m. 25 5=8854x10%F/m. (240

6. Slinky (10 points) LR #& (104}

A

)

The slinky is a spring first put on sale in 1940’s, and soon became a popular toy. As shown in the
figure, a slinky can be manufactured from a hollow metal cylinder of radius R by cutting it into a
helical thin strip. The helix consists of N turns and has a cross sectional area A. Let p be the
density of the metal.
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FLR R T 1940 FAKE, RPE RO —MRAT IR . PR, —ELR R
MRy R S0 I3 R DR O e 1y o 2R N i, B A
BepR e mI B

(@) In this problem we assume that the deformation of a stretched slinky is mainly due to shear

deformation. Let G be the shear modulus of the metal. What is the tension T in the slinky
when it is stretched to a length L that is much greater than its original length?

FERR A, AL R R AR, EEREYIEAR. & G Z2e/ErEIl
B EIUHLR AR L (L AR RIEARKERSZ)  PLR AT ARI5K
TR A

The shear modulus G of a solid is defined as G = FIA

uly
where, as shown in the figure, F is the force acting on the
vertical side of the solid with area A, y is the width of the
solid, and u is the shear distortion of the solid. (2 points)
. e s FIA
mE R, FARTIYISE G i€ NG = . H
uly
t R R FAE AR GRS A B,y Sl
TR, usEEARTIYIEAR . (270

(b) To study how distortions propagate as a longitudinal wave in the slinky stretched to length L,
we approximate the slinky by discrete particles separated by small distance ds connected by
strings with tension T. Let u,(t) by the displacement of the n™ particle at time t. Derive the
equation of motion of the particles. Neglect gravitational effects. (3 points)

N TR LA BAER E R 2 L BIPLR A LA, JATRALR BRIy — R
BCHIRL 3, EEDY ds, HIK 08 T BJAR TR E R . B un(t) /25 n MR ERH] )
fi. SR THIEE TR, P RBIRE BN, (373

(c) Show that u,(t) = Csin(kz, — «t) is a solution of the equation of motion, where z, is the
position of the n™ particle along the axis of the slinky. Find the relation between k and .
Hence find the velocity of longitudinal wave propagation along the axis of the slinky. (5
points)

BUEY] un(t) = Csin(kz, — o) ZIZBNTIEHIME, HA 2o ZWHLR RIS n KT HIAL
B, WK Ko AR R AR R A AL R BE L. (570

{THE END 52)
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F RN ST 7T e P )
Part-2 (Total 2 Problems) #:-2 (J£2 /i)
(2:00 pm —5:00 pm, 6 February, 2014)

1. DC Step-up Converter (25 points) 8 E##8% (25 43)

Modern electric and gasoline hybrid cars require high voltages to drive their motors from
batteries of lower voltages. Alternating current (AC) voltages can be stepped up easily by using
transformers, but direct current (DC) voltages require more sophisticated designs. In this
problem we analyze the step-up converter circuit as shown in the following figure.

AR HL AR & 3 7R 28 77 EEMVIC s () vt = A 1 ey FEUR IR B ik . A8 (AC) MR AT
DIRZE 7y M dd ok i AR R gs 3G o, (HE (DC) L7528 R Wik A s 2iE — &y . fEx A
W R, AT B 0T B BT s B 1 A i LK

The circuit consists of an input voltage V;, an inductor of inductance L, a capacitor of capacitance
C, and a load of resistance R. D is a diode whose resistance is effectively zero when the electric
potential is higher on the left end, and effectively infinite when the electric potential is lower on
the left end.

ZHESERE MR Vi, —EREOY LRSS, —EmRAy CHmAS, M—EAfHA R
M. D &—PNRE, EAmB AR, SHERNERBEE, &mpaimns, e
A A0 HL B & A PROKC

S is a switch operated by an electronic circuit not shown in the figure. It switches on and off
periodically at a rather high frequency. Each period consists of an on-state and an off-state.
During the on-state, it is switched on for a time t;, and during the off-state, it is switched off for a
time to.

S & — M i B b R BRI L F S B O . 8 AN 2 R A R B O oC . R
JAAEFE — A SRS —E R WRRAE . £ SRS E, EHEEmEay t, EXRWRESR,
EAE TR ARSI TN too

(a) Consider the initial condition that the current in the circuit is 0 and the capacitor is uncharged.
Att =0, switch S is closed. Calculate the current through the inductor at t = t;. (2 points)
BV R B Th RN 0, AR AN, Et=08, FFRXSHE. WlitHAEt
=ty Rpid s U O L. (2 )
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(b) Att=ty, switch S is open. Calculate the current through the inductor at time t during the off-
state (t; <t <ty +tg). You may assume that the load resistance R is so large that the current it
draws is negligible. (6 points)
=t JFCSHIT. Wit RARKRIRESTE At (L <t <ty + to) B, ARSI
F. PRATDMEG i L RH RAROK, @i & () f i v] DAL ZBE AT (6 43

(c) When the device continues to operate, we will consider the high frequency limit in which

t, +t, << JLc in the rest of the problem. In this regime, it is sufficient to keep terms up to
first order of to and t;. Find the relation between the current through the inductor at the end of
the (n — 1)™ off-state and that of the n™ on-state, denoted as Io(n — 1) and I5(n) respectively.
(2 points)

PR AL TAERE, AT NI T, HRBEHRE ¢+, << Jic o EIRAMET,
RBEHE to Aty I —BIl. Bk i SR I RS n — 1 JORWRIRASZE IR Ge S
lo(n — 1)) SLEH n RIS GEX N hi(n)) ZEPKR. (25

(d) By including the load in the circuit during the n™ on-state, find the relation between the
voltage across the capacitor at the end of the (n — 1) off-state and that of the n™ on-state,
denoted as Vo(n — 1) and V1(n) respectively. (2 points)

RAEEE N IR A% S AU AR ARG AE FiL s T, TR RS s s I R AESE n — 1K
KIBCREFRF GERA Vo(n-1)) S1EH n IRFIRESE RN CEFRA Vi(n) ZIEPK R,
(29

(e) At the end of the n™ on-state, the current through the inductor is I1(n), and the voltage across
the capacitor is Vi(n). Calculate the current lo(n) through the inductor and the voltage Vo(n)
across the capacitor at the end of the immediately following off-state. (5 points)

FEE N CFIIRASEE R, @ AU I R 1a(n), 7ERASE P 2 Vi(n). W&
TE ' B 10 0 W PR S 4 i) dd ik FRLUER S (1) FRTRE lo(n) BA K F S48 P i B L Vo(n)e (543

() When the device reaches the steady state, calculate the step-up voltage ratio Vou/V; to the
lowest order. How should we set t; and t, to raise the ratio? (3 points)
2 L PRI B R IRASES, R R R VoulVi, PARAKEM R BT . A T miEA
B, ZUWTRE t ft? (34

(9) Calculate the on-state current through the inductor at the steady state. Explain the physical

meaning of the result. (3 points)
R E AR RE G, SRS B RS R MR RIHEE . 3 )

(h) Explain the importance of the diode in producing the step-up voltage. (1 point)
AR ACE A AR R R E M. (1)

(i) Estimate the time taken to reach the steady state. Use only the variables tj, tp, L, C, R to
express your result. (1 point)
Al THA B E RSP Al . AR A& by, to, L, C, R RIBRHISE K. (17

2. White Dwarf (25 points) A%E (25 4)

At the end of lives of stars with comparable masses as the Sun, the gravitational force
compresses the star inward to form white dwarfs, and is eventually balanced by the quantum
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mechanical pressure of the electrons (known as the degeneracy pressure). This determines the
size of the white dwarfs, which is comparable to that of the Earth. In this problem we analyze the
size of white dwarfs.

iSRRI R R L5, Sl e E M N PHIE R A% E . 5 IRA SR AANE
TRUBLIE I ) (RROATR T P, IXOE T BRRE R RN SHRIT L. AR B 7270 M A %
BHIRN.

(a) First consider an electron of mass m, confined in a one-dimensional box of length L. Its

2

p

kinetic energy is given by E = , Where p is the momentum of the electron. In quantum

e

theory, the electrons are described by waves whose wavelengths A determine the momenta by
. . h . : :
the de Broglie relation p = —. Only standing waves with nodal points at the wall of the box
yl

give rise to the allowed electronic states of the electrons. This enables us to calculate the
energy of the n state as E, = E;n’. Derive the expression E;. (3 points)

2

B RN me MR TRIREKIEN L B & T, HENe - —, p RHTHD)

2m

e

B, AR THIYT, BT DUHBCRE, Eiﬂzﬁiﬁﬁ%%’ﬁﬁ'%%%%%iﬁ%p=%o Hf

HL TR T RRBE SR A T & TN, 4R RV E T . X IRATBEM TS n N
TAMEERENE, = Ein®. REH ELRER. 340

(b) To simplify the picture, we consider the white dwarf as a three-dimensional cubic box with
volume V. The energy of an electronic state in the box is € = E,(n] + n’ +n’), Where ny, ny,

n, are positive integers. Calculate the total number of electronic states with energy below the
maximum energy Emax. Assume that Enax is much greater than E;. (2 points)

TE NG, AT ABEEFZ B —MER N V W=40 7 &7 BT amaE A
E=E/(n +n.+n’), Hin, ny, ngZIERH. WiHFRTRAEE EnaWHE TSR EE.
E Emax i KT Ere (299

(c) Suppose there are N protons and N electrons in the white dwarf. Due to the famous Pauli
exclusion principle in quantum mechanics, each electronic state can only accommodate 2
electrons. The electrons will fill up the electronic states from low to high energy up to a
maximum energy called the Fermi energy Eg. Calculate E¢. (2 points)

B EZEENA N DA N AT RiEE T e & LR AR, SN E T8
HEER 2 M1 . BTt E MRS AR T8, HIREL IR KEE
Er, EpfRATKEE. WITH B (240

(d) Calculation shows that the average energy per electron is 3E¢/5. Considering the electrons as
a gas, what is the pressure of the electron gas? Is the pressure inward or outward? (4 points)
HRER, PR ETFRGERN 3ESS. BHRFERE, BN EE2EZ/D? KRN
Wik mAr? (491

(e) Compare the degeneracy pressure due to protons with that due to electrons. (1 point)
FLBUE TR RS R s, (12
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(f) The gravitational potential energy is dominated by protons and neutrons. Let m, be the mass
of a proton or a neutron. Assume that the number of protons and neutrons are the same, and
the mass density is approximately constant inside the star. Calculate the gravitational
potential energy of the star of radius R. (4 points)

Sl AR EE WA oTER. BT R TR RN mye WO A IR H AR, IR E
TEE N PR B IO . TR RN RIEE RS % EE. (470
(9) Derive the expression of the radius of the white dwarf. Does the radius increase or decrease

with increasing mass of the white dwarf? (4 points)
W ARE RN KA. FABRERENN, FRLMins2mb? 45

(h) Calculate the radius of the white dwarf with the same mass as the Sun. Give your answer in
multiples of Earth’s radius. You are given the following parameters: (2 points)

BT SR S KRB R AR AR B SR8 UERE RN AL, WL RS %8 (2 7))

h = Planck’s constant ¥ [ 52 % % = 6.626 x 10°%* Js

G = gravitational constant /i & 3| /7% % = 6.67 x 10"** Nm?/kg?
m, = mass of a proton or neutron i 72 o 75 & = 1.67 x 10%' kg
me = mass of an electron #57-fi & = 9.11 x 10! kg

Msun = Mass of Sun A FH R & = 1.99 x 10% kg

Re =radius of Earth #thER}-1% = 6380 km

(i) Estimate the mass of the white dwarf when the velocity of electrons becomes comparable to
the velocity of light ¢ = 3 x 10% m/s. Give your answer in multiples of solar mass. What will
happen to the white dwarf? (3 points)

M T HEEE ¢ = 3 x 10° m/s i), WA BRTE. E ORI RAL. (R
BRAT KA 39

{THE END 52)
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