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Part-1 (Total 6 Problems) #-1 (36 i)

1. Sunset Twice a Day (6 points) — KB H%E (64)

Presently the tallest tower in the world is Burj Khalifa in Dubai. Its height is 828 m. An Internet

news article reported that one can watch sunset twice in one day with this tower.

FEFFR IS RIS R I 7 Ffem @R, e 828 K. HIKM FA#E L& T, W LA

KB — RN OWE 2 H %

(a) What is the time range of sunset between the bottom and the top of the tower? Give your
answer in minutes. Parameters: Earth’s radius = 6400 km. Distance between Sun and Earth =
1.5 x 10" m. (3 points)
BRI RS T 8] H YA TRl a . B B DB B0, S8 HiBRER = 6400 4 B,
KBAAER 2 MIFEEE = 1.5 x 10M K. (34

< Sun

R+h R

Neglecting the tilt of Earth’s axis and the latitude of Dubai, the angular displacement of Earth
between the two sunsets at the bottom and top of the tower
ABAE I TR el YA A AR TR P26 B T, D B SRS AT T R ¢k ] i 22 TR 3L K 1) 1 2 8% O

J(R+h)>=R?

R+h [1]

JV2Rh _foh o f2h M:0.0wlradian [1]
R R R 6400x10

Time between the two sunsets 7k H 7% 2 [a] [{] st ]

= (%?](24)(60) min = 3.7 min [1]

sind =

(b) Burj Khalifa also has the world’s third fastest elevator (lift) with a speed of v = 10 m/s.
Immediately before the elevator starts moving upwards at the speed v from the bottom of the
tower, a tourist in the elevator views the sunset. When he reaches the observatory at the
height of 452 m, he found that the Sun has risen. Calculate the inclination angle of the Sun
above the horizon. Give your answer in degrees. (3 points)

S HLUR RN S5 = p i, S RTIA v =10 mis. AT HRE IIER, 1EHRE IS ST
g EART—BEERIH, HGMALURE v B HihBEE 452 KRR s G, K
KPBHETHT o B EORHAE P2 DL BRI . RGN RAL.  (340)

Time to travel to the observatory RifEM & & (K] t = %

27

Earth’s angular speed JBRIFAIHE o = m
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Earth’s angular displacement b3k 1) /17 %%

f=at=— " [452] = 0.00329 radiian L < sun
(24)(60)(60) | 10
[1] R+h
Change in the horizon £ ) %32 Horizon
COS¢ = R =
" R+h
2
R+h R V640010
[1]
Elevation angle 11 /i
#— 0 ~0.0119—0.0033 = 0.0086 radian = 0.49° [1]

Remark: This is roughly the angular size of the Sun. So the tourist can view almost the entire
Sun.

#iE: RREBEKMAMER. Bk, #E ] A2 LA K.

2. Radiocarbon Dating (5 points) B&HEBERN EE (50

Radiocarbon dating is a technique used in archeology to estimate the age of organic materials,
such as wood and leather. It uses the fact that the density of **C atoms in the atmosphere is
constantly around 1.3 atoms of **C in every 10" atoms of all isotopes of carbon. However, when
an organism dies, **C cannot be replenished and decreases due to S decay with a half-life of 5730
years. The radioactive decay can be written in the following form:

TR VB AF B I T8 VA e 2 i o B RRAETHA AR (AR IR 2 F IR IR . B HIR Y, 72
T MC RTAERAH, WEEH LT 10" RBRTH (BIEFERMCZ A 1.3 8 C 1T,
(B, AEMBET R, MC AREMFINNS, FFINARABHIHIC, 3y 5730 4. ML R
ATAE LR E R

14 14 - =
sCo> N+e™ +v,

(a) Suppose we obtain 50 grams of carbon from a piece of wood dated back to a prehistoric tomb.
Using the carbon average atomic mass of 2 x 10 kg, calculate the number N of **C atoms
when the wood was still part of a living tree. (1 point)

TRV FATTANSE T oty B2 1) —HoR Sk 7331 50 wfk. CBRIFIE PR 2 x 102 F32, Rit
BP0, MC R THIEH Noo  (14))
~ (50x10‘3

o= WJ(lelO‘lz) =3.25x10" [1]

(b) We can determine the age of the tomb if we know the number N of *C atoms from the 50
grams of carbon. There is no way to directly count the number of **C atoms, but we detect a
total of 935 electrons emitted from the 50 grams of carbon in 10 minutes. How old is the
tomb? (3 points)

FEE R RN, RMFTFEMIEZ 50 ekt “C HE TR HE No RATEEEELE “C R
THIEH, ERATKI 50 JafkE 10 78 U 73k 935 K 1. WERFEREZ D7 (3

)
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t
N(t) = Nye -
1 _euntr o o huz _gogy years [1]
2 In2

t
Decay rate #&% R(t) = _dN = %e T = t=-rln Rz [1]
dt ¢ N,
t = 8267 In| (33:2)(B267x365x24x60) ) _ 17190 y eqrs [1]
3.25x10

(c) An archaeologist claims that he/she discovered a fossil plant with an age of 2 x 10° years
using the method of radiocarbon dating. A scientist says that this result is nonsense. Which
side will you stand on? Please explain your reasons. (1 point)

WK, A/ SR B R v, RBUEACA 2 x 10° SERL A . SR
FHRUL, RGERRTHEZ IR RN REH? WEARRrEh.  (150)
The scientist is more reasonable. To see this, let us do a calculation basing on 50 grams of carbon:
Bl R A, 27X —r, 1EIRATRYE 50 wirfE—iHH.:

L 2x108
N(t)=N.e 7 = (3.25x10"?)exp| —
t) =N, (3.25x10™) ><p( 8267

This is impossible to be detected. (N > VYN = N >1 for shot noise limited perfect detection.)
In order to have at least 1 **C atom left today, the archaeologist needs at least

50 gx 2x10"°***=10""***kg , which is impossible to be obtained (it is more than the mass of the
Earth).

BOR AT R, (N 2N = N 21, ORI 7 SRl PR . )

FEESG 1K YUC BTSRRI, HE¥EELFEE0gx2x101"°=10""kg (X
R LR E T R [1]

J =2.27x107""*%<<«1.

3. Viscosity (7 points) k& (7 4)

When uneven forces are applied to a fluid, the flow velocities at different locations will be
different. For viscous fluids, frictional forces will be present when two adjacent layers of fluids
flow at different velocities. As shown in the figure, the viscosity u of the fluid is defined by the
equation:

HABISIH I B AR, OEAEAS R AL BR R ANFE T . TR, 2 AE SR R iR A
PAA R BE BN, EEEMESAAAE . a0 R EIFR, ARHRE R p T 208 X

F =—,u3—;AA,

where F is the frictional force experienced by the fluid at an interface of area AA in the x
direction, u is the x component of the velocity and du/dy is the velocity gradient. In this problem,
we will analyze the viscosity using the kinetic theory of gases.

HAFRAATEXTT I THACHAAR FHE LB )y, w7 MR, duldy @l ERE. 1EIX i
A, AT DL IS B B8 3 s A4 R 2
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Ya
> U
frictional force E; ——————— interface
—
> X

Let 7 be the average time between successive collisions of a gas molecule with other molecules.
Molecule i moves with velocity v; in random directions, and the average velocity at height y is

u(y).
BEONSARS T 5 Hit 23 T SR 2 ()R A ). 4> T iLLE R VS REHLT 1383, Ti7E &y
(R R a(y) -

(a) Suppose the interface is at a height y. What is the average x component of the momentum at
height y + Ay? (1 point)
s S = Ry . fEmTEY + Ay sh &, H-F¥HxsaaER2 /0?7 (17 ) Average x-
momentum at heighty + Ay 7& =i £y + AyRIghiE, H-FHxn a2

du
= m[u + d_yAyJ : [1]

(b) An incident molecule arrives at height y. The y component of its velocity is vy. What is Ay of
the height where the molecule experiences the collision last time? (1 point)
— T AH B EEY. HOEEE R 8 vy T b UGB B REE A s Ay A7 (1)
Height where the incident molecule experiences the collision last time Ay =-v, 7.

¥ B UGB RIRE K =AY = -V, 7 o [1]

(c) Compared with the average x component of the momentum of the gas molecules at the
interface, what is the average extra x-momentum carried by the incident molecules of a given
vy When it arrives at height y? (1 point)
éléumvyﬁ’])\%ﬂ‘ﬁj\%iﬂiiﬁﬁyﬁﬂ“, BRI EMX-B B R A4 (55 B SFEhER
F x e 7 (14

Average extra x-momentum- 344 hx-3)) & m[u - %Vyf] —Mmu=-—my, 3_; ]

(d) The gas contains n molecules per unit volume. What is the rate of x-momentum transfer
through an area AA? Hence find an approximate expression for the viscosity of the fluid
according to the kinetic theory of gases. How does the viscosity depend on temperature? (4
points)

S EBAERE AR 1. B ARAARX-B &, R4 WMIRESFEsh R, H
ﬁt?&‘%%ﬁ%*ﬁfﬁ’]ﬁﬂi%hiﬁo KiESREARRR? (49))
Number of incident molecules passing through the area per unit time=nv AA.

BEEALIN TR 7> Tl AR A EH = nv, AA
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du
Each molecule transport an x-momentum equal to —zmv, '
y
- S du
D TIEHEIIX-B BT —my, @

Hence the rate of x-momentum transfer in the upward direction is
K, x-shE A LRfE R
d d
—~ zmvy—u (nvyAA)= —mmvﬁ—uAA [1]
dy dy
Using Newton’s second law of motion, frictional force experienced by the layer above the

interface is
R a3, Fm EREZ2IEE A

du 1
F= —mm<vj>d—yAA = u= mm<v§> = gmm<v2> [1]
According to the kinetic theory of gases, <Az s L,
%m<v2>=ng = u=mmkT [1]
Viscosity is proportional to T. i 5THIELE. [1]

Remark 1: The expression derived by using the Maxwell-Boltzmann distribution is different only
in the coefficient.

FEL LRI AR - RS MSHIRER, EREH 5 -

Remark 2: In practice, r is also temperature dependent since z = A/v, where A is the mean free
path that is mainly dependent on the density of gas, and v is proportional to JT . Combining,
is proportional to AT

ByE2: RIS, cBEREMAE, Fohe= A, KPR P E B, FERER AN S
B, vENT RIEW. #a)E, u5JT RIER.

4. Age of the Universe (10 points) FHHER (10 20

Hubble discovered that the velocities v of galaxies receding from Earth are proportional to their
distance d from Earth,
WS IR FR B BRI L v S b EREE B d kL,

v=H,,

where Hg is the Hubble constant at the present age of the universe. It was recently measured to
be 68 km/s/Mpc.

o Ho A5/ H AT 2 AT - fdTlES 68 km/s/Mpc -

(a) Assuming that the universe expanded from the beginning to the present at a uniform speed,
estimate the age of the universe. Give your answer in billion years. Parameters: 1 Mpc = 3.26
x 10° light years, speed of light = 300,000 km/s. (2 points)
BT T MR IR EAE U ST K, T ES . 2508 L billion years (-1444F)
HELL, 2% 1 Mpe =3.26 x 10°J64E, JgiE = 300,000 km/s.  (243)
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At uniform rate, 7EH)5JHR T, v= %

Substituting into Hubble’s law, A A 352, %= Hd = t= Hi (1]
0
6
= 326)(106; 300,000 =14.4 billion years [1]

(b) However, the universe does not expand at a speed uniform in time due to the gravitational

attraction of matter. Friedmann modeled the universe as an expanding sphere of matter with
uniform density p(t) at time t. Consider a test mass m on the surface of the sphere of radius
r(t) at time t. The total energy of the test mass is mU. Find the relation between the expansion
velocity v(t) and radius r(t) at time t based on Newtonian mechanics. You may use G to
represent the universal gravitational constant. (1 point)
B2, HTYRKAES T, FHEKRERERN ) EARESM . I B ST A —
TR R I35 20 5% FE R, 7RI TR) t LR p(t) . B REAEISTH] B, 7E208 r(t)ekiksRm L
A E me WP E R RERE Y mU. RIS, SRR ) t B v(t) Al
PR r) 2 Bk R. RTH GREAELI IEE. (145

Since the attraction due to matter outside the sphere vanishes, the gravitational potential energy

of the test mass is only due to matter inside the sphere. Using the conservation of energy,

FERRARANE [IH0E - MR BT 5] IR X HRERE AN - FIFHGEEFEER

1 , Gm(4 , 1, G(4 ,

2mv . [37zr p) mUu = 2v r[37zr p] U [1]

(c) Recent satellite data shows that U is negligible. In this case, the expansion of the universe is
r® _
r-0

respectively. Find n and to. Express your answer in terms of G and the density oy of the
present universe. (4 points)

described by the power-law [l] , Where rg and to are the present values of r(t) and t

0

I’0 0

TR A B, U AR R, 2L ?Eﬁﬁﬁﬁﬂﬁﬁﬂ&ﬂ%%%ﬂ@:[%] ik,
o A1 to 2000 F() B EEOBLEL. SR A o o DL G RIS R L o0 Fib. (4
)

o FJ

1 G(4
WhenU=0, 4 U=0,=-Vv == —arp|.
= 2 r(3 '0)

3

r
Note that /3= p(t) = o1,
p(t) po[r(t)g]

872G py _ [1]
3r

n-1
VzL%H | [1]
dt  t, \t,

Hence fifbL v2 =
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2,.2 2n-2 2 -n
Substituting, fE X\ =K, nt2r0 [l] _ 82GK; p, [LJ

0 t0 3 t0
Comparing exponents and coefficients, FL#HE%0f R4,
ne?l [1]
K
1
t, = [1]
672G,

(d) Express the present age of the universe in terms of the present value of the Hubble constant.
Estimate the age of the universe in this Newtonian picture. Give your answer in billion years.
Based on your understanding about current developments in physics research, how is this
result different from the current estimate of the age of the universe? (3 points)
UG Z B IUE, REFH HATERe . WA EU =M e, it FHER. &
2% L billion years (24 NRAL . ARIEVRIFYIEE AR 78 A0 K JE I BRARE, X459 5 2401
X FE AR TE A AR (340D

2

1

3 73
Since @= L , V= (7 = 2t . At the present age, t = to. Hence v, = %. [1]

I t, dt 3t t, 3t,
6
H, = Yo _ 2 = b= 2 = (2)(3.26>10" x 300,000) = 9.6 billion years [1]
o3t 3H, (3)(68)

This is less than the present estimate of the age of the universe (14 billion years). [1]

5. Electrostatic lon Thrusters (12 points) #e & TSR (1249

Electrostatic ion thrusters are used in spacecraft to control their trajectories in space. Its
operating principle is shown in the following figure.
B L B A 28 FH T4 IR BE R E IS . & B AR BN T B o -

C A BON
| |
® | | o>
P, @ | e |
G : o> | o>
7 e ® o> o>
| o> O

Streams of propellant atoms P are injected into the chamber C. The rate of injection is R,
measured in the number of atoms per unit time. The atoms are ionized by bombarding with
electrons shot from electron gun G. The positive ions are accelerated from grid electrode A to
grid electrode B by the accelerating voltage V between them. The neutralizing electrode N emits
electrons to neutralize the ion beam, preventing the spacecraft from gaining a net negative charge.
HEFEF R+ P #WE ANEE C - WEREEAN R R BUA N AR I A IR 20H o TR 3
ML TG G 5 H B TRl T 2 Tk MR AR A B B Z AT i sV, AEIER .
HIEEAR N RS, AEB AR, DA77 My £ A
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(a) Calculate the ratio of thrust F and the current | of the ion beam consisting of ions of mass m
and charge ze, where z is a positive integer and e is the electronic charge. Express your
answer inm, V, z and e. (4 points)

HTHRBBEN m. B ze BE AR, oz ZIEEE, e RoTHAT. WIHEES F
HErhmlztt. HREUm V,z ek, U
Current Hijii: | =Rze

[1]
Using Newton’s second law, FIH 4515 — &, F=Rmv [1]
F_mv
|~ ze
Using the conservation of energy, | f¢ & =18,
L =zev [1]

2
~ v= /Zzev N E= /2m_V [1]
m | ze

(b) Calculate the ratio of thrust F and the power W spent in accelerating the ion beam. Express
your answer inm, V, z and e. (2 points)
WA F SESE AR IRE W 2 . BRI m, V, z filefik. @24

Power Zj#%: W = IV = RzeV [1]

F mv 2m
F_mv_/am [1]
W zeV zeV

(c) To save power in space travel, should one prefer using light or heavy ions? Should one prefer
using ions with single or multiple charges? Should one prefer using low or high accelerating
voltages? (3 points)

NHTERTATIEN DI ZE, MOz BRI E 12 BOZ Al B s 5 0 2 s B 12
17 A5 A g i s A s s R 2 (3 90

Since F/W is proportional to Jm, heavy ions are preferred.

f T FIW 55 v BRAE b, %0 PR 5 [1]
Since F/W is proportional to \/1/_2, ions with single charge are preferred.

T FIW 5 V1 2 BRIELL, %4 8 i B T [1]
Since F/W is proportional to N2 , low accelerating voltages are preferred.

T FIW 5 VUV BER, B4 IR i . [1]

(d) A 10 kW electrostatic ion thruster using xenon atoms as propellant is designed. The
accelerating voltage is 10 kV. Calculate the exhaust speed of the ions. Give your answer in
km/s. Parameters: ionized xenon carries a single charge, atomic mass of xenon = 131, proton
mass = 1.67 x 10" kg, electronic charge e = 1.6 x 10™° C. (1 point)

—A 10 KW i i B8 e e A 1 Bt AR AR HERE R I Ay 10 KV, it
BRI R BFRIELL km/s ML, S8 WS R AT, mIEF R E = 131, R
T =167 x10% kg, dTFHHe=16x10"C. (14H
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v [22eV =\/(2)(1)(1-6X10_19)(19;103) =121km/s [1]
vV m (131x1.67x10°7)

(e) If the neutralizing electrode N of the thruster described in (d) is switched off, calculate the

time taken by the body of the spacecraft to gain a voltage equal to the accelerating voltage; at
that moment the thruster ceases to operate because the ions follow the thruster. Assume that
the spacecraft is spherical and has a radius of 1 m. Parameters: & = 8.854 x 10™? F/im. (2
points)
e (d) A B AR I R A AR N B OCH], T EAUR S S b 00 f AR 32 55 0k FR R A
LRI I —ZIROA R AR ST S, K RBUEE AT LR E . AT REATR AR
RERIEN), 42 1m- 28 g=8854x10"F/m. (24

When the voltage has dropped to minus the accelerating voltage,

=2 v P2 3] ok P 1 AL R

Vs 2 5 = Q=4mRV = (47)(8.854x10)(1)(10x10°) =1.11x10" C [1]
g
=W _10_ 1A
vV 10
Time for the voltage to drop Bk F T (I TA]: t = % =111x10°s=1.11s [1]

6. Slinky (10 points) HLR#& (1043

A
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i

The slinky is a spring first put on sale in 1940’s, and soon became a popular toy. As shown in the
figure, a slinky can be manufactured from a hollow metal cylinder of radius R by cutting it into a
helical thin strip. The helix consists of N turns and has a cross sectional area A. Let p be the
density of the metal.

LR BB T 1940 FAURE, RS —FRATIECR . EFR, —EFLR R
HEAE8 R B2 08 B A D) R SOR e s . IRk NI, HASsm iAoy A

Bprt B ML .
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(@) In this problem we assume that the deformation of a stretched slinky is mainly due to shear

Considering the slinky as a sheared long strip, we have y =

deformation. Let G be the shear modulus of the metal. What is the tension T in the slinky
when it is stretched to a length L that is much greater than its original length?

FEIZK A, BB R R AR B AL, FERBYIEAZ. & G 2&&/masivl
B, EAOHLR RPM B L i (L LR RIEANKERSEZ) , HLR R H5K
JIT A4

The shear modulus G of a solid is defined as G =m

uly
where, as shown in the figure, F is the force acting on the
vertical side of the solid with area A, y is the width of the
solid, and u is the shear distortion of the solid. (2 points)

EFE 1$E@§jﬁtﬂ$ﬁ%6%ﬁziiﬁ6=%, 1

T FRAERIER AT AR A 1977,y JNER R
TR, u RRBRMBITIEAZ.  (25)

27RN and u = L. Hence
EHLR BB FE R —F MBIV K, ffy=22RNflu=L. FrlA

u GAL

F=GA—=—— [1]
y 27RN
Tension in the slinky H1 & % 17k 1
Tsina=F
) ] ] L
where « is the pitch angle given by sinag =———.
a p gleg y o > RN
L
H ERHE, Hsina= oo,
o ZERHA o= B
= _F =(GAL][27ZRN)=GA (1]
sina 27RN L

(b) To study how distortions propagate as a longitudinal wave in the slinky stretched to length L,

we approximate the slinky by discrete particles separated by small distance ds connected by
strings with tension T. Let u,(t) by the displacement of the n™ particle at time t. Derive the
equation of motion of the particles. Neglect gravitational effects. (3 points)

N T TR AABAE R R A L BINLR R EALHE, JATRNLR ROy — &5
HRHPRE T, [BIBEDY ds, HI5K 09 THIAE TR R . B un(t) 5258 n MR ERS ] ¢
hike. AR BT, W RIEE M. (37))

pdsti, =Tsin@, —Tsinég,_,

tang, = =

where 6, is the inclination of the string from the n™ to (n + 1) particle.

b 6y R BB n ASRLT 25 n+ LKL B0 [1]

dssina+u,,,—u,

dscos
n+1

10
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. in - ) -
smé?nzdss H U=t _gjn gy 2o "t [1]
ds ds
) i u —u
sing, , msing+—"—"4
ds
pdsti =Tsing, —Tsind, =—C;A(un+l—2un +U,,) [1]
S

(c) Show that un(t) = Csin(kz, — @t) is a solution of the equation of motion, where z, is the
position of the n™ particle along the axis of the slinky. Find the relation between k and w.
Hence find the velocity of longitudinal wave propagation along the axis of the slinky. (5
points)

BUF T Un(t) = Csinken — ot) RSB TR, Hrh 2o RVEHLR SANZES n AR T R
H, WK Ko AR R, HIHEEIEYLR AR BE L. (570
Left hand side /& /7: pdsti, = —pdsaw’Csin(kz, — at) [1]

Right hand side 7575 C;—':C[sin(kzn+l— wt) — 2sin(kz, — et) +sin(kz,_, — t)]

_GAc 25in(m—aﬁ) cos(M)- 2sin(kz, — at)
ds 2 2

= —Gd—': ZC[l— cos(kz, , — kzn+1)]sin(kzn — wt) [1]

Since ¥ z,,,—z,=dssina, 1- cos(%) =1—cos(kdssin o) ~ % k’ds®sin® e, [1]

Right hand side 47 77 = —GAdsk’ sin* aC sin(kz, — at) .
Comparing both sides, L4 # 77,

.2 2
pof =GAsin?ak? = ot ="AINEe  GAL L, [1]
Yo, 4pr°R°N

@ L GA
Wave velocity J%i#: c=—=—— |[— 1
y B == o \ » ]

Part-2 (Total 2 Problems) #:-2 (32 i)

1. DC Step-up Converter (25 points) ¥ E##:88 (25 4)

Modern electric and gasoline hybrid cars require high voltages to drive their motors from
batteries of lower voltages. Alternating current (AC) voltages can be stepped up easily by using
transformers, but direct current (DC) voltages require more sophisticated designs. In this
problem we analyze the step-up converter circuit as shown in the following figure.

IAR FEL AR VR & B 3R 2 75 A R It A 1) v FRURS BB ik . AZ U HL (AC) LT
PLRZE 7y Hiudg ik P AR e gs 3G, (HE (DC) L 75 ELHE SRk A e 2liE — &y . fEx A
e g, AT M0 B BT i 5 1 A i LK

11
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e |

The circuit consists of an input voltage V;, an inductor of inductance L, a capacitor of capacitance
C, and a load of resistance R. D is a diode whose resistance is effectively zero when the electric
potential is higher on the left end, and effectively infinite when the electric potential is lower on
the left end.

ZHBRASE MR Vi, ERECY LIRSS, —EmANy CImads, M—EEHN R
M. D R—ATWE, EmmBms, THERARCEEE, A BRR, TR
FRA R0 HL B 2 A PR

S is a switch operated by an electronic circuit not shown in the figure. It switches on and off
periodically at a rather high frequency. Each period consists of an on-state and an off-state.
During the on-state, it is switched on for a time t;, and during the off-state, it is switched off for a
time to.

S R 1 Bl AR s I L FLER AR I 5C o B DA — AN 2 s R R A P T O . B
JA LG — A RIS —E R WOIRES . 78 SRS, EHBEERIN A t, 7ERBORAR,
BT R PRSI T A oo

(a) Consider the initial condition that the current in the circuit is 0 and the capacitor is uncharged.
Att =0, switch S is closed. Calculate the current through the inductor at t = t;. (2 points)
FREVIIEIRS R g TP IRy 0, RS S AHHK. Et=08, JFRSH&E. WitHAet
=ty RpIE o BRSSO . (2 )

When switch S is closed, the diode, capacitor and resistor can be ignored. Hence

IR S KM, AR, BAESMAEAT AT, #§

vi—l_%=o [1]
t
= I=f0%dt=%tl [1]

(b) Att =1t;, switch S is open. Calculate the current through the inductor at time t during the off-
state (t; <t <ty +tg). You may assume that the load resistance R is so large that the current it
draws is negligible. (6 points)

FEt =t i, TG SWiT. Bt RAERKRAS TRyt (ty <t <ty + to) B, WA
M. ARAT DMBCR A B F B RARCK, 3838 & i) FELAL A] DA RIE ANEE . (6 73

When switch S is open, the circuit consists of the battery, inductor, diode and capacitor (the

resistor is ignored). Assuming that the diode resistance is 0,

HIFC S Wby, FMEREAERM, MRS, CIEMBAS (RERT R o BRI IRE RN

0’

12
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dl g

V, - LE e 0 [1]
The motion of g — CV; is a simple harmonic motion with angular frequency o = % .
4 - CVi AL MsEs, SAMEN o= % [1]

Let %2q=CV, + Asina(t—t,)+ Bcosa(t—t,) = | = wAcosw(t—t)— oBsina(t-t,).
The initial conditionisg=0and | = Vjty/L att =t;.
WA N g=0and I = Vity/Latt =t;.

B=-CV, [1]
Vit
A=-11 1
) [1]
Vit, :
I ='Tcosco(t—tl)+a)CVi sino(t—t) [1]

(c) When the device continues to operate, we will consider the high frequency limit in which
t +t, <<+/LC in the rest of the problem. In this regime, it is sufficient to keep terms up to

first order of to and t;. Find the relation between the current through the inductor at the end of
the (n — 1)™ off-state and that of the n™ on-state, denoted as lo(n — 1) and I1(n) respectively.
(2 points)
R AR, FRATKAE R iR b, BRI t +t, <<V LC o R,
RBEHE to Aty Bl Bk i RS RS n — 1 JOCWRIRASES RN G SO
lo(n— 1)) S5AEH n IRFHIRESEE R GE S lhi(n)) Z IR (240)

During the next on-state, switch S is closed. Hence

N — K FERE, FFXRSHE. K

di

V,-L—=0 il
=l [1]

t

= 1,(n)= Io(n—1)+f %dtz Io(n—1)+%t1 [1]

0

(d) By including the load in the circuit during the n™ on-state, find the relation between the
voltage across the capacitor at the end of the (n — 1) off-state and that of the n™ on-state,
denoted as Vo(n — 1) and V1(n) respectively. (2 points)
BAES n RSB BAE A B IR gy, Ik b A S P I R AE S n — 1K
KWRIRSHRFE (B4 Vo(n-1)) 5755 n IRFEIRESE RN (B2FA Vi(n)) ZHFEAR.

(241
During the n™ on-state, the capacitor discharges and produces the current through the load.
FESE N CFIRAS Y, A S8 AR S FLA

! _
2 -R=0 [1]

13
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£
_d_q = d_q+i=0 = q=q0(n—1)e RC

| =
dt dt RC

4
Vi (n) =V, (n—De *

Vo(n-1)
TH [1]

(e) At the end of the n™ on-state, the current through the inductor is 1;(n), and the voltage across
the capacitor is Vi(n). Calculate the current lo(n) through the inductor and the voltage Vo(n)
across the capacitor at the end of the immediately following off-state. (5 points)

RS n RCFIRSAS AR, 8 RS 11(n), 7EHRAES P R 2 Vi(n). ikEHH
1B 1 DS RS & R I I8 ek FUERER I R lo(n) LA S FE A PR o I FELUR Vo(n). (543

During the immediately following off-state, switch S is open. Hence

FERFER R WORAS &R, JTo¢ ST, ik

v- 3 _a_ [1]

dt C
The solution is the same as that of (b), but the initial condition is modified.

JI TR R (D)AHE, ABHTEE A AN E .

Let g=CV, + Asin(at) + Bcos(at) , where the time is measured from the end of the n™ on-state.
% q=CV, + Asin(at) + Bcos(at) , FHif ] A EE n X FIBIRES 25 K HF U6 75

| = wAcos(at) — wBsin(at) .

The initial condition is #4625+ 79 q = CVi(n) and | = Iy(n) att = 0.

=Vo(n-1)—

B=CV,(n)—-CV, [1]
A= Il(n) [1]
w

1(n) = 1,(n) cos(et,) — w[CV, (n) - CV, Jsin(et,)

< () =[ovim -cv Jort, = 1,m -2y, [
V,(n) = @ =V, + %sin(aﬁo) + [Vl(n) —Vi]cos(a)to)
=V, (n) + IlC(:n) t, [1]

() When the device reaches the steady state, calculate the step-up voltage ratio Vou/V; to the
lowest order. How should we set t; and to to raise the ratio? (3 points)
2 L PRI B R IRASES, R R R LA VoulVi, PARACEM R RN . A THEmiE
2, ZMAEE G M t? (340

When the device reaches the steady state, >4 115 2 Fa @ IR A,

Vi(n — 1) = Vi(n) and I3(n = 1) = I1(n).

Vi
Il = IO +ttl

~

I, ~ 1,

V,-V.
— lL L, [1]

14
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P t+t
Eliminating I and lo, 982 11 #1 1o, V, =V, 21—,

0

To the lowest order, {f & &K, V,=V,.

t,+t
Hence frLL VL‘“ ~ % [1]

i 0
To raise the step-up voltage ratio, t; should be set longer than t.
NTREHMEBRELLE, t M thR. [1]

(g9) Calculate the on-state current through the inductor at the steady state. Explain the physical
meaning of the result. (3 points)
EITE R ERARRERS G, SRS RS RR. RS RNYEE . 3 D)

t
V, zvo(l— %)

V, =V, + %to [1]

vt

Eliminating Vo, 3 Vo, |, zﬁlt [1]
0

Physical meaning: Ity is the charge stored in the capacitor during the off-state. Vi/R is the
current flowing out of the capacitor during the on-state, and Viti/R is the charge drained from the
capacitor during the on-state. The two quantities are the same due to charge conservation.
VIR X ity REERWRESFEARER TR . VI/R RAFERE T NS H 1 R,
Vity/R RAEFIEIRE T ABEAEGH BT BT BAsE, XPDELMHEER [1]

(h) Explain the importance of the diode in producing the step-up voltage. (1 point)
PR ACE A AR R R R E M. (1)
The diode prevents the capacitor to discharge through shorted circuit during the on-state, and
through the battery and the inductor during the off-state, so that the voltage across the capacitor
can build up to a high value.
FEFERAT, ZHE AT (A a8l R . BRI TS, AR W7 1k s a8 i e
TR FELRR AR TR o IR FELAS o M i ) FRLUS AT BATH [1]
(i) Estimate the time taken to reach the steady state. Use only the variables ti, to, L, C, R to
express your result. (1 point)
EATHA R ERE R ) . A AR & by, to, L, C, R RIARIIEE R, (140
The current increases by Viti/L per period. The steady state current is Viti/Rty. Hence we estimate

the number of periods to reach the steady state is (Rt ](Vti) (\i][%) The estimated
0 0

s (0522 '

FL VAL LE R A B I Vity/L . ARES R 2 V1t1/Rtoo Bl e FRATT At T ik Uﬁéiiﬁﬁﬂﬁ}%,ﬁﬂiﬁ%
LAY AR I A7) T (R L+t (L)
(T - (o8]
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2. White Dwarf (25 points) A%E (25 4)

At the end of lives of stars with comparable masses as the Sun, the gravitational force
compresses the star inward to form white dwarfs, and is eventually balanced by the quantum
mechanical pressure of the electrons (known as the degeneracy pressure). This determines the
size of the white dwarfs, which is comparable to that of the Earth. In this problem we analyze the
size of white dwarfs.

S OK AR R R A5, Sl iR MNP A% E . 5 IRA SR AENE
TRUBLIE I ) (RROATR T P, IXOE T BRRE R RN SHRIT L. 4K & 7270 M A %
BHIRN.

(a) First consider an electron of mass m, confined in a one-dimensional box of length L. Its
2

P

e

theory, the electrons are described by waves whose wavelengths A determine the momenta by

kinetic energy is given by E =

, Where p is the momentum of the electron. In quantum

the de Broglie relation p= % Only standing waves with nodal points at the wall of the box

give rise to the allowed electronic states of the electrons. This enables us to calculate the

energy of the n state as E, = E;n?. Derive the expression E;. (3 points)
2

HIEH R me AT RRERKEY L 4G 1. HalfgvE= % p & TN

> Y A N Yo Nt/ = N I — ) h
. ERETHIRT, BT DUHBCkHE, HEKELEMAY X R RETE p=10 RA

HL YR R i ST B P, AR AR T, XERAMBEE T ERNZE n N8
TAMEERENE = Ein®. RS H ELRER. 34
2L

The n™ standing wave in the box is given by £ #145 n 4‘31“0}2%,%% =L = J= e [1]

The momentum of the n™™ electronic state is &5 n o FAKIZHE N

o= % = p=oin. [1]
The energy of the n™ electronic state is 5 n A~ T2 AL E N E = 8r::L2 n?.

h?
Hence fTLL E, = a2 [1]

(b) To simplify the picture, we consider the white dwarf as a three-dimensional cubic box with
volume V. The energy of an electronic state in the box is E = E,(n? +nj +n?), where ny, ny,
n; are positive integers. Calculate the total number of electronic states with energy below the
maximum energy Emax. Assume that Enax is much greater than E;. (2 points)
ENTAE AL, ATIEAREZER — MRS V =477 & 1. TS HRE
E=E(ni+n;+n2), Hrhny, ny, n R EREL WIFER T HOKBER Ena BT IEE
BE EmaxiZKT E1e (279

N
N
o
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We have to find the number of lattice points satisfying n; +n’+n;<E_, /E . In the three-
dimensional space, these points are enclosed in the first octant of the sphere of radius m .
Wi nf4+nl+n2<E JE MIEBHA(n, ny, n) I H B =4 A28 —HRP, RN
B | By IR P 158 5 5550 [1]

Since the volume enclosing a point is 1, the number of lattice points in one-eighth of a sphere is
H TR ME AR 1, )\ —DERIE S S 80N

3
14 (E_ 2 Vv E
N, ==— mx | _ Z7 (8m E : 1

state 8 372-( El ) 6h3( e max)2 [ ]

(c) Suppose there are N protons and N electrons in the white dwarf. Due to the famous Pauli
exclusion principle in quantum mechanics, each electronic state can only accommodate 2
electrons. The electrons will fill up the electronic states from low to high energy up to a
maximum energy called the Fermi energy Eg. Calculate E¢. (2 points)

B ABENA N A N AT REE T IF R ELRERAMEEREE, S 8T8
HEEREY 2 M7 . BT EMREEEH AT RINE TS, BIREBIIRKEE
Er, EpfN#eREE. Wt5 Ere (270

3
N = 2Nstate = ﬂ3(8me EF)E [1]
3h
2
h? (3N 3
E.=—1| — 1
- - (3] B

(d) Calculation shows that the average energy per electron is 3E¢/5. Considering the electrons as
a gas, what is the pressure of the electron gas? Is the pressure inward or outward? (4 points)
HEER, PR TR EN EMS. Ko T1ENAE, B ke KR
Wikt m4h?  (443)

2
3

2 5
Total kinetic energy of the electron gas < E306E E §NE _hn (i] N3  [1]

5 " 40m \ 2V
Using the first law of thermodynamics, F|FH #1225 — ¢, dE=—-PdV .
dE

Therefore, b, P=—— 1

JirEA v [1]

h® (3 % N g
25y
20m \ 7 ) \V

The pressure is outward. J& /115 4h. [1]

(e) Compare the degeneracy pressure due to protons with that due to electrons. (1 point)
P A R I R S R R R . (140
Since the pressure is inversely proportional to the mass of the particle, the degeneracy pressure
of protons is much less than that of electrons.
BT IE SR FRRER L, TR E iR E £, [1]
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(f) The gravitational potential energy is dominated by protons and neutrons. Let m, be the mass
of a proton or a neutron. Assume that the number of protons and neutrons are the same, and
the mass density is approximately constant inside the star. Calculate the gravitational
potential energy of the star of radius R. (4 points)

SR EEH A oTER . BT EUR T RIBE Y mpe WRL A TR H AR, IR H
TEE N PR RO . TR RN RIEE R S % EE. (470
3

Mass of the star of radius r **424 r [f1E 2 &N ZN[%]mp o [1]

Suppose its radius increases by a thin shell of thickness dr. Mass of the thin shell:

AN — R Ry dr IHEER TS, BR5E &

Azr3dr ]m 6Nm_r?

p

dr 1
47R%/3 R® [1]

Change in potential energy 3| /)% fg28 1k,
3 12GN°’m?r*
du =—GZN(%]mpdTm=—Tpdr [1]

Gravitational potential energy 51 /7%
"12GN*m?r 12GN*m?
U=- = dr=—
, R 5R

dm=2N[

[1]

(9) Derive the expression of the radius of the white dwarf. Does the radius increase or decrease
with increasing mass of the white dwarf? (4 points)
BT AEA B RNREI. HREERENMN, FRRmisgElb? 470

Total energy of the white dwarf (% 2 [ 2 fE &

2 2 5
3h2 ( 2 ]3'\‘2 12GN’m} _ 3n? ( 9 ]3 N3 12GN’m:

== | = = — - © 1
©t40m, 2V 5R 40m \ 47> ) R® 5R ]
Minimizing the total energy, “Ffi i & B8 B /)N,
2 5
dE,,  3h2 ( 9 )3 N3 12GN’m}
= 2| mt gz =0
drR 20m, \ 4x R 5R
[1]
2 9 3 1 %
8
r=— (9 )P(L [1]
16Gm;m, \ 47 N
Since R is proportional to N3, the radius decreases with increasing mass of the white dwarf.
BT RS N RRIEL, E5E R R0 . [1]

(h) Calculate the radius of the white dwarf with the same mass as the Sun. Give your answer in
multiples of Earth’s radius. You are given the following parameters: (2 points)

W E S KM AR AR R & RIE RPN AL, TR S8 (2 )

h = Planck’s constant 3% i 7% % = 6.626 x 10" Js
G = gravitational constant /375 51 774 % = 6.67 x 10™ Nm?/kg®
m, = mass of a proton or neutron i ¥ & o7 /i & = 1.67 x 10?' kg

18
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me = mass of an electron #Ffi & = 9.11 x 10! kg
Msun = Mass of Sun ABH T & = 1.99 x 10% kg
Re =radius of Earth #hEk¥4% = 6380 km

Number of protons in the star FI#& £ N iF40H N = % [1]
m
p
2 1
o (6.626x107*%)? ( 9 ]3 (2)(1.67x10727) )2
 (16)(6.67x107Y)(1.67x10727)2(9.11x 1074 \ 472 1.99x10%*
=7181 km = 1.13Re [1]

(i) Estimate the mass of the white dwarf when the velocity of electrons becomes comparable to
the velocity of light ¢ = 3 x 10% m/s. Give your answer in multiples of solar mass. What will
happen to the white dwarf? (3 points)

M TR R ¢ = 3 x 10° mis ), BT BRI, WK RS, (S
BERAEHARAE? (340
We estimate the velocity of electrons in the white dwarf by %% 5 Py B 038 B Al fdi1

p 1 2 2 2 h 2 2, 12
v=—=—_/pi+pi+p’= ANZ+nZ+n
me me px py pz ZmeL X y z

1

When 2 v=c, \nZ+nZ+n’ = 2m;Lc = theCV3. [1]

The number of states enclosed by a sphere with this radius 7£ HBR{A A i B TR 5%
3 3.3
Ny = %gﬂ(zmhecj V= 47;mheac v
The number of protons in the white dwarf {317 & 4 i i 1%k
_8mmic® (4 5\ _ 32x’mic’
state 3h3 (E ] - 9h3
Using the result from (g), A (g) T iI45 R A5

3
- 9c’h® (i) L oN- oc’h® 3 (hc)2
20487°G*m: \ N | 20482°G’m? ~ 167m; \ 2G

3
Mass of the white dwarf 1% 2 (8 2Nm ) = 3 . (E]Z
87m2 \ 2G

N =2N R®

~ 87(1.67x107%)? 2(6.67x10™)
When the mass of the white dwarf reaches this limit, it will no longer exist. =4 (%% 2 () i ik 3|
BEBIE R, A FAFAE

Remark: This answer is comparable to the Chandrasekhar limit of 1.4 mg,,. Beyond this limit, it
will collapse into a neutron star.

vk WA REITERER FER IR 1.4 moyn. BT IER, BEASTHRE RS 72, [1]

—34 8\ \2
3 ((6.626x10 )(3x10 )] _ 2.46x10" kg =1.2m.. 1]
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